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Abstract
It is well-known by now that the hardness of the material at the micron and submicron length scales is dependent on the
indent size. The objective of this work is to formulate a micromechanical-based model that can be used to predict simultaneously the indentation size eﬀect (ISE) from both micro and nanoindentations by conical or pyramidal (Berkovich and
Vickers) indenters. This model is based on the evolution of geometrically necessary dislocations (GNDs) beneath the
indenter which is nonlinearly coupled to the evolution of statistically stored dislocations (SSDs) through the Taylor’s hardening law. It is shown through comparisons with micro and nanoindentation experimental data that the proposed model
gives much better predictions of hardness at small indentation depths as compared to the Nix–Gao model. It is concluded
that when using the Taylor’s hardening law a simple sum of ﬂow stresses from SSDs and GNDs is more adequate than the
simple sum of SSD and GND densities. Moreover, it is shown that the length scale responsible for the ISE is proportional
to the spacing between dislocations. Thus, it is concluded that materials with smaller length scales are harder but exhibit
lower ISE.
Ó 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Indentation tests have been widely used as an
economical and routine method for measuring the
strength and stiﬀness of engineering materials (Oliver and Pharr, 1992). Moreover, micro and nanoindentation techniques have become major tools
for investigating the micromechanical properties of
small scale volumes (e.g. thin ﬁlms, nanowires,
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nanotubes, ﬁbers, small particles, electronics) due
to diﬃculty in conducting the conventional techniques and because of their fast, precise, and nondestructive merit.
However, it is well-known by now that the micro
and nanoindentation hardness of metallic materials
displays a strong size eﬀect, which is commonly
referred to as the indentation size eﬀect (ISE). There
are numerous indentation tests at scales on the
order of a micron or a submicron have shown that
the measured hardness increases signiﬁcantly with
decreasing the indentation size or equivalently the
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indenter size (e.g. Stelmashenko et al., 1993; De
Guzman et al., 1993; Ma and Clarke, 1995; Poole
et al., 1996; McElhaney et al., 1998; Lim and Chaudhri, 1999; Elmustafa and Stone, 2002; Gerberich
et al., 2002; Swadener et al., 2002; Huber et al.,
2002; Abu Al-Rub and Voyiadjis, 2004a). This has
been attributed to the evolution of the so-called geometrically necessary dislocations (GNDs) beneath
the indenter, which gives rise to strain gradients
(Ashby, 1970; Arsenlis and Parks, 1999). The classical continuum plasticity theory predicts a constant
hardness when using a geometrically self-similar
indenter on a homogenous material and cannot predict the ISE since it does not possess an intrinsic
material length scale. On the other hand, it is still
not possible to perform quantum and atomistic simulations on realistic time scale and structures. There
are, however, many dislocations at the micron scale
(around 30 per micron in each direction for a dislocation density of 1015m2) such that their collective
behavior on plastic work hardening of materials
should be characterized by a continuum (but not
classical) plasticity model. Moreover, there are several other size eﬀects besides the ISE that are attributed to the evolution of GNDs and could not be
explained by the classical continuum plasticity theory. For example, experimental work has revealed
that a substantial increase in the macroscopic ﬂow
stress can be achieved by decreasing the particle size
of particle-reinforced composites while keeping the
volume fraction constant (e.g. Lloyd, 1994; Nan
and Clarke, 1996; Kiser et al., 1996), by decreasing
the diameter of thin wires in microtorsion test
(Fleck et al., 1994), and with decreasing the thickness of thin ﬁlms in microbending test (Stolken
and Evans, 1998; Shrotriya et al., 2003; Haque
and Saif, 2003).
The strain gradient plasticity theories, which are
founded on the GND’s concept, have given reasonable agreement with the ISE and other size eﬀects
since it incorporates an intrinsic material length
scale in the constitutive equations [see Abu AlRub and Voyiadjis (2006) for an extensive review
of these theories]. However, the full utility of the
strain gradient plasticity theories hinges on one’s
ability to determine the constitutive length parameter that scales the gradient eﬀect. The study of Begley and Hutchinson (1998), Yuan and Chen (2001),
Abu Al-Rub and Voyiadjis (2004a,b) indicated that
indentation experiments may be the most eﬀective
test for measuring the length scale parameter. However, the study of Abu Al-Rub and Voyiadjis

(2004a) and Voyiadjis and Abu Al-Rub (2005) have
indicated that this length scale parameter is not a
constant for a given material but it depends on the
spacing between dislocations, which is deformation
dependent.
By considering the GNDs generated by a conical
indenter, Nix and Gao (1998) developed an ISE
model that suggests a linear dependence of the
square of the microhardness to the inverse of the
indentation depth. Swadener et al. (2002) utilized
the basic precepts given by Nix and Gao (1998)
for a conical indenter and developed an ISE model
for spherical indenters which suggests a linear
dependence of the square of the microhardness to
the inverse of the diameter of the indenter. However, recent micro and nanoindentation results show
that the predictions of the Nix–Gao and Swadener
et al. models deviate signiﬁcantly from the experimental results at small indentation depths (i.e. nanoindentation) in the case of Berkovich and Vickers
indenters (e.g. Lim and Chaudhri, 1999; Saha
et al., 2001; Elmustafa and Stone, 2002; Feng and
Nix, 2004; Abu Al-Rub and Voyiadjis, 2004a; Manika and Maniks, 2006) and at small diameters for
the case of spherical indenters (Swadener et al.,
2002; Abu Al-Rub and Voyiadjis, 2004a). Moreover, Elmustafa and Stone (2002) observed that
when the Nix–Gao model is used to ﬁt the experimental results of micro and nanohardness, the data
at deep indents (microhardness) exhibits a straightline behavior whereas for shallow indents (nanohardness) the slope of the line severely changes,
decreasing by a factor of 10, resulting in a bilinear
behavior and, therefore, two diﬀerent values for
the material length scale are used to ﬁt the micro
and nanoindentation data. Recently, Huang et al.
(2006) modiﬁed the Nix–Gao model by reducing
the density of GNDs at small indentation depths
where two values for the material length scale are
also used to ﬁt the micro and nanoindentation data.
Therefore, Nix–Gao model can ﬁt well either the
hardness data from microindentation or nanoindentation tests, but not both simultaneously. Yuan and
Chen (2001), Qiu et al. (2001), and Swadener et al.
(2002) have modiﬁed the Nix–Gao model by incorporating the eﬀect of intrinsic lattice resistance or
friction stress. However, it is shown by Huang
et al. (2006) that the inclusion of the friction stress
gives better predictions than the Nix–Gao model
but still is not satisfactory to give well predictions
of the nanoindentation results. Moreover, Xue
et al. (2002), and Qu et al. (2004) have attributed
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the deviation of the Nix–Gao model from nanoindentation hardness data to the rounded shape of
conical or pyramidal indenter real tips and, therefore, Alkorta et al. (2006) reﬁned the Nix–Gao
model by taking into account the tip roundness.
However, it is shown in Huang et al. (2006) that
the indenter tip radius eﬀect alone cannot explain
the nanoindentation size eﬀect. Zhao et al. (2003)
further reﬁned the Nix–Gao model by considering
the nonuniform distribution of GND density underneath the indenter. Feng and Nix (2004) and Durst
et al. (2006) reformulated the Nix–Gao model by
assuming that the GNDs are stored within the plastically deformed zone of size greater than the contact radius of indentation, which is somewhat
similar to the modiﬁcation proposed by Huang
et al. (2006). Moreover, it is shown in this paper that
this modiﬁcation does not aﬀect the qualitative
behavior of the Nix–Gao model, but signiﬁcantly
aﬀects the calibrated value of the material length
scale. Therefore, all of the aforementioned remedies to the Nix–Gao ISE model gave a marginal
improvement to the predictions of nanoindentation
hardness data such that none of the aforementioned
modiﬁed models could be used to predict both
micro and nanoindentation results satisfactorily.
Abu Al-Rub and Voyiadjis (2004a,b) suggested that
the most likely impediment in the Nix–Gao model is
the assumption that the densities of SSDs and
GNDs are coupled in a linear sense through the
Taylor’s hardening law and, therefore, a nonlinear
coupling should be enhanced. This suggestion is
the main focus of this paper.
Despite the fact that the ISE has been reported
by many well-reputed experimental groups, there
are still points of controversy in predicting and
understanding the mechanism of this type of size
eﬀect. This study shed some insight on interpretation of the ISE encountered in micro and nanohardness from conical or pyramidal indenters. An ISE
analytical model that can predict equivalently well
the micro and nanoindentation hardness data from
conical/pyramidal indentation is formulated using a
micromechanical model that assesses a nonlinear
coupling between the densities of SSDs and GNDs.
The employed micromechanical model, which is
based on the Taylor’s hardening law, is used to link
the strain gradient eﬀect at the microscopic scale
with the stress-strain behavior of an equivalent continuum with homogenized plastic deformation at
the mesoscopic level. This constitutive framework
yields an expression for the deformation-gradient-
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related intrinsic length scale parameter ‘ in terms
of measurable microstructural physical parameters.
Moreover, the proposed ISE model is successful in
predicting the hardness results from both micro
and nanoindentation tests and can be used to identify the magnitudes of the material length scale
parameter.
2. Physical interpretation of the material length scale
Generally, it is assumed that the total dislocation
density represents the total coupling between two
types of dislocations which play a signiﬁcant role
in the hardening mechanism. Material deformation
in metals enhances the dislocation formation, the
dislocation motion, and the dislocation storage.
The dislocation storage causes material hardening.
The stored dislocations generated by trapping each
other in a random way are referred to as statistically
stored dislocations (SSDs), while the stored dislocations that relieve the plastic deformation
incompatibilities within the polycrystal caused by
nonuniform dislocation slip are called geometrically
necessary dislocations (GNDs). Their presence
causes additional storage of defects and increases
the deformation resistance by acting as obstacles
to the SSDs (Arsenlis and Parks, 1999). Therefore,
as far as the experimental ﬁndings up to day, one
cannot assume that GNDs are similar to SSDs since
both are diﬀerent in nature. The SSDs are believed
to be dependent on the eﬀective plastic strain, while
the density of GNDs is directly proportional to the
gradient of the eﬀective plastic strain (Ashby, 1970).
Moreover, non-vanishing net Burgers vector from
the excess of dislocations of one sign in any region
bounded by a closed curve implies the existence of
GNDs (Nye, 1953; Arsenlis and Parks, 1999).
Therefore, an easy way to distinguish if the material
possesses GNDs is by computing the net Burgers
vector. SSDs conserve the net Burgers vector of
the volume in which they occur, whereas the divergence of dislocation density ﬂux leads to a net
change in the Burgers vector of the volume. For
more details about diﬀerent interpretations of the
physical nature and properties of SSDs and GNDs
the reader is referred to the complete issue in Scripta
Materialia (Needleman and Gil Sevillano, 2003).
The densities of SSDs and GNDs can be combined in various ways for which there is little guidance from dislocation mechanics. Mughrabi (2001)
concluded that the simple superposition of the density of GNDs on the density of SSDs is not well
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founded and they are unambiguously related. Abu
Al-Rub and Voyiadjis (2004a,b) and Voyiadjis and
Abu Al-Rub (2005) presented diﬀerent phenomenological forms to enhance the nonlinear coupling
between SSDs and GNDs. One possible coupling
can be assessed by writing the overall ﬂow stress,
r, as follows:

1=b
r ¼ ry þ rbS þ rbG
ð1Þ
where ry is the initial yield stress, and b is considered as a material constant, termed here the interaction coeﬃcient, and used to assess the sensitivity of
predictions to the way in which the coupling between the SSDs and GNDs is enhanced during the
plastic deformation process. Thus, diﬀerent values
of b implies changes in the strain history. The
general form in Eq. (1) ensures that r ! ry + rS
whenever rS  rG (i.e. classical plasticity) and that
r ! ry + rG whenever rS  rG. The stresses rS and
rG are associated respectively with the densities of
SSDs and GNDs through the Taylor’s hardening
law as follows:
pﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
ð2Þ
rS ¼ maGb qS ; rG ¼ maGb qG
where m is the Taylor factor, which acts as an isotropic interpretation of the crystalline
anisotropy
pﬃﬃﬃ
at the continuum level; m ¼ 3 for an isotropic
solid and m = 3.08 for FCC polycrystalline metals
(Taylor, 1938), G is the shear modulus, b is the magnitude of Burgers vector, and a is a statistical coefﬁcient between 0.1 and 0.5. The empirical constant a
accounts for the deviation from regular spatial
arrangements of the SSD and GND populations.
For impenetrable forest dislocations, Kocks (1966)
assumed a = 0.85 for SSDs and Busso et al. (2000)
assumed a = 2.15 for GNDs. For simplicity, in the
present work it is assumed that a is the same for
both SSDs and GNDs.
It is noteworthy that Eq. (2) implies that SSDs
and GNDs are similar in nature concerning their
properties, but the process of their nucleation,
motion, storage, and annihilation are diﬀerent.
The SSDs density evolves through Burgers vectorconserving reactions based on dislocation mechanics while the GNDs density evolves due to the
divergence of dislocation ﬂuxes associated with the
inhomogeneous nature of plasticity in crystals
(Arsenlis et al., 2004; Abu Al-Rub and Voyiadjis,
2006). It is beleived that SSDs are generated ﬁrst
and then some of these SSDs become geometrical
(mainly at grain boundaries and interfaces) and oth-

ers are trapped due to interaction with obstacles or
other dislocations (statistical or geometrical). Therefore, both SSDs and GNDs increase/decrease in
density as deformation progresses and both contribute to material hardening. Moreover, the evolution
of GNDs does not necessarily increase the total dislocation density. It may also decrease the total density. Whether dislocation density is accumulated or
lost due to the ﬂux divergence depends on the participation of the relative densities to the plastic
deformation across the volume and on the sign of
their divergence. For example, if positive edge dislocations are the only ones within a volume and the
plastic strain ﬁeld is such that more edge dislocations leave the volume than enter the volume, the
total dislocation density in the volume will decrease
as a result of the inhomogeneous plastic deformation (Arsenlis et al., 2004). However, fundamental
research at the discrete dislocation level with using
the principles in dislocation mechanics is needed
for the proper physical interpretation of the evolution and interaction between SSDs and GNDs.
Strain gradients play an essential role in the prediction of size eﬀects in the deformation behavior of
metals at the mesoscale scale. The classical plasticity, which inherently includes no material length
scale, cannot predict size eﬀects. Strain gradient
plasticity theories extend the classical plasticity
models by including an intrinsic material length
scale and are therefore appropriate for problems
involving small dimensions. Motivated by the
Taylor law in Eq. (1) at the micromechanical level,
one can therefore assume the following power-law
of the corresponding gradient-dependent ﬂow stress
at the mesoscale (Abu Al-Rub and Voyiadjis, 2004a;
Voyiadjis and Abu Al-Rub, 2005):
_ 1=n
_
c
c 1=c
r ¼ ry þ r0 e p
with e p ¼ ½ðep Þ þ ð‘gÞ 
ð3Þ
where c = b/2, r0 is a measure of the yield stress in
uniaxial tension, ‘ is the material length scale, n P 1
_
is the hardening exponent, e p and ep are the nonlocal and local eﬀective plastic strains, respectively,
g is an eﬀective measure of the gradient of plastic
strain which is related to the GND density.
During plastic deformation, the density of SSDs
increases due to a wide range of processes that leads
to production of new dislocations. Those new generated dislocations travel on a background of GNDs
which act as obstacles to the SSDs. If LS is the average distance traveled by a newly generated disloca-
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tion, then the rate of accumulation of strain due to
SSDs scales with e_ p / LS bq_ S (Orowan, 1948) such
that for proportional loading and monotonically
increasing plasticity, one can express ep in terms of
qS (Abu Al-Rub and Voyiadjis, 2004a,b):
ep ¼

1
bLS qS
m

ð4Þ

Ashby (1970), Arsenlis and Parks (1999), and
Gao et al. (1999) showed that gradients in the plastic strain ﬁeld are accommodated by the GND density, qG, such that the eﬀective strain gradient g that
appears in Eq. (3)2 can be deﬁned as follows:
g¼

qG b
r

ð5Þ

It is shown that this expression allows g to be interpreted as the deformation curvature in bending and
the twist per unit length in torsion (e.g. Fleck et al.,
1999; Gao et al., 1999; Voyiadjis and Abu Al-Rub,
2005; Abu Al-Rub and Voyiadjis, 2006). The constant r  2 is the Nye’s factor introduced by Arsenlis and Parks (1999) to reﬂect the scalar measure of
GND density resultant from mesoscopic plastic
strain gradients.
Now substituting Eqs. (4) and (5) into Eq. (3)
and comparing the result with Eq. (1) after substituting Eq. (2) yields the following expression for
the intrinsic material length scale ‘ in term of the
mean free path of dislocations LS:
‘¼
hLS

with 
h ¼ r=m

which also gives r0 as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0 ¼ G a2 m3 b=LS

ð6Þ

ð7Þ

The microstructural length scale parameter, ‘, and
the phenomenological measure of the yield stress
in uniaxial tension, r0, are now related to measurable physical parameters. The form and magnitude
of ‘ depends on the dominant mechanism of plastic
ﬂow at the scale under consideration. It appears
from Eq. (6)1 that the size eﬀect and its implications
on the ﬂow stress and work-hardening is fundamentally controlled by the dislocation glide, which is
deformation dependent. If one assumes m  2 and
r  2 then ‘  LS, which can be experimentally measured. Therefore, LS is a crucial physical measure
that controls the evolution of the length scale in gradient plasticity theory for metals such that the key
feature of plastic deformation is the reduction of
the free path, cell size, or spacing between dislocations with strain.
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It is noteworthy that Eq. (7) is valid when setting
the hardening exponent n = 2 which is not unreasonable for some materials (Nix and Gao, 1998),
particularly for some annealed crystalline solids.
However, the author believes that the origin of this
condition stems out from the assumption that the
Taylor’s ﬂow stress is directly proportional to the
square
root of the dislocations density q (i.e.
pﬃﬃﬃﬃﬃﬃﬃ
r / b2 q), which can be rewritten as q1/n with
n = 2. More generally, one can assume that
r / (b2q)1/n with n P 1.
Moreover, by substituting LS from Eq. (6)1 into
Eq. (7), one obtains a relation for ‘ as a function
of the shear modulus, yield stress, and other microstructural parameters, such that:
2

‘ ¼ m2 a2rðG=r0 Þ b

ð8Þ

If one sets m = 3.08, a = 0.3, b = 0.225 nm, G/r0 =
100, then ‘ = 3.8 lm which is a physically sound value in the range of micrometers as reported by many
authors in the material community (e.g. Begley and
Hutchinson, 1998; Nix and Gao, 1998; Stolken and
Evans, 1998; Yuan and Chen, 2001; Zhao et al.,
2003; Abu Al-Rub and Voyiadjis, 2004a,b).
3. Model for the indentation size eﬀect
Conical or pyramidal indents whose sizes exceed
tens of microns generally produce size-independent
hardness values in most metals and can be considered as large indents. Smaller indents in the range
from submicron to about 10 lm in single crystals
or ﬁne-grained polycrystals often display a signiﬁcant size eﬀect. For example, the hardness inferred
from pyramidal indents on the order of 1 lm in
width can be two or three times the hardness
obtained from an indent that is 10 lm across. A
clear understanding of the ISE and its connection
with the material strength is especially important
in modern applications involving thin ﬁlms and
multilayers since micro and nanoindentation are
frequently the only means of measuring their
mechanical properties.
In this section a simple analytical model that can
be used to predict equivalently both micro and
nanohardness when using conical or pyramidal
(Berkovich and Vickers) indenters is proposed
based on the concept of GNDs.
Tabor (1951) showed in his experiments that the
elasto-plastic material response in tensile testing
could be correlated to the response in conical/pyramidal (Berkovich and Vickers) indentation. The
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fundamental parameters for indentation tests by
conical/pyramidal indenter are (see Fig. 1): the force
applied to the indenter, P, the residual contact
radius of indentation, ap, the hardness, H ¼
P =pa2p , the permanent indentation depth, hp, the
total indentation depth, h, the plastic zone radius,
cp, and the indenter geometry; i.e. the angle between
the surface of the conical indenter and the plane of
the surface h. This angle is related to hp and ap by
tan h = hp/ap (see Fig. 1). The unloading process in
the indentation experiment is essential for the
proper speciﬁcation of these geometric parameters.
Thus, the residual values hp and ap should be used
as measurable data in the hardness H calculations.
Consider now the indentation by a rigid cone, as
shown schematically in Fig. 1. One can assume that
the density of GNDs is integrated by the geometry
of the indenter and the indentation is accommodated by circular loops of GNDs with Burgers vectors normal to the plane of the surface. One can use
the simple model of GNDs developed by Stelmashenko et al. (1993), De Guzman et al. (1993),
Nix and Gao (1998), and Abu Al-Rub and Voyia-

P

cp
ap

r

where LG is the mean spacing between individual
slip steps on the indentation surface corresponding
to the GND loops. If k is the total length of the
injected loops, then between r and r + dr one can
write:
dr
hp
¼ 2pr
dr
LG
bap

Integrating from 0 to ap gives the total length of
GND loops as:
Z ap
hp
pap hp
ð12Þ
2pr
dr ¼
k¼
ba
b
p
0

GNDs

dr

θ

b
LG

Arrangement of GNDs in
the r-direction

If one assumes that the individual dislocation
loops of GNDs as being spaced equally along the
surface of the indentation, as shown in Fig. 1, then
it is easy to show that:
 
dw
  ¼ b ¼ tan h ¼ hp ) LG ¼ bap
ð10Þ
 dr  L
ap
hp
G

Indenter

θ

Elastic-plastic
boundary

r

ð9Þ

dk ¼ 2pr

hp

Specimen

wðrÞ ¼ hp  rðtan hÞ for 0 6 r 6 ap

Original free surface
position

Indentation
profile after
unloading

w

djis (2004b) to determine the density of GNDs
evolved under a conical/pyramidal indenter. As
the indenter is forced into the surface of a single
crystal, GNDs are required to account for the permanent shape change at the surface. Of course
SSDs, not shown in Fig. 1, would also be created
and they would contribute to the deformation
resistance.
The indentation proﬁle in the unloaded conﬁguration when using conical/pyramidal indenters can
be described by (see Fig. 1):

Arrangement of GNDs in
the w-direction

Fig. 1. Axisymmetric rigid conical indenter. Geometrically necessary dislocations created during the indentation process. The
dislocation structure is idealized as circular dislocation loops.

ð11Þ

It is assumed that the dislocation evolution during indentation is primarily governed by a large
hemispherical volume V that scales with the contact
radius ap around the indentation proﬁle (see Fig. 1).
However, the GNDs reside inside a plasticity zone
which can be viewed as extending to a radius cp to
the outermost dislocation emanated from the indent
core. Therefore, the size of the plastic zone, cp,
underneath the indenter is larger than the contact
radius, ap, as suggested by Feng and Nix (2004)
and Durst et al. (2006) such that cp = fap where
f > 1, which will be deﬁned later in this section,
can be interpreted as the ratio of the plastic zone
radius to contact radius. One can then assume that
all the injected GND loops remain within a hemispherical volume V of radius cp, such that:
2
2
V ¼ pc3p ¼ pf 3 a3p
3
3

ð13Þ

R.K. Abu Al-Rub / Mechanics of Materials 39 (2007) 787–802

Therefore, the density of GNDs becomes
qG ¼

k
3
¼ 3
tan2 h
V
2f bhp

ð14Þ

The GND density is reduced by using a bigger storage volume at small indentation depth. In reality the
GND density cannot be very large because of the
strong repulsive forces between GNDs which push
dislocations to spread beyond the hemisphere at
small indentation depth (Swadener et al., 2002).
Tabor (1951) speciﬁed the mapping from the
H  h curve to r  ep curve such that one can
express the micro/nanohardness as:
h
i1=b
H ¼ jr ¼ H y þ jmabG ðqS Þb=2 þ ðqG Þb=2
ð15Þ
where Eqs. (1) and (2) are used in obtaining the
above expression. Hy = jry is the hardness due to
the initial yield stress ry. The parameter j is the Tabor’s factor from 2.8 to 3.07. The Tabor’s relation
(i.e. H = jr) has been extensively veriﬁed and used
by many authors in the literature and, therefore,
one may indeed take it as a starting point.
Based on the assumption of a self-similar deformation ﬁeld (Hill et al., 1989; Biwa and Storakers,
1995), it was shown that the displacement is proportional to the indentation depth hp. Based on this
observation, Xue et al. (2002) showed from numerical experiments that the strain ﬁeld should depend
only on the normalized indentation depth, hp/ap,
such that one may assume that the eﬀective plastic
strain ep is deﬁned by:
ep ¼ cðhp =ap Þ ¼ c tan h

ð16Þ

where c is a material constant from 0.2 to 0.4. It can
be noted from Eq. (16) that the plastic strain is independent of the indentation depth.
Considering Eqs. (4), (6) and (16) yields the
following expression for the density of SSDs:
qS ¼

cr tan h
‘b

ð17Þ

The macrohardness H0 is deﬁned as the hardness
that would arise from SSDs alone in the absence of
GNDs, that is, the hardness that corresponds to the
saturation value where the hardness H does not
change as the indentation depth hp increases, or that
predicted by conventional plasticity theory, such
that one can write from Eq. (15):
pﬃﬃﬃﬃﬃ
H 0 ¼ H y þ jmabG qS
ð18Þ
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Substituting Eqs. (14) and (17) into Eq. (15) with
the use of Eq. (18), one can obtain the following ISE
model:

  b=2
b
H  Hy
h
¼1þ
ð19Þ
H0  Hy
hp
where h* and H0 are, respectively, given by:
h ¼ f‘

with f ¼

3
tan h
2f 3 cr

H 0 ¼ H y þ jr0 c1=n ðtan hÞ1=n

ð20Þ
ð21Þ

The parameter h* is a material parameter that characterizes the depth dependence of the hardness and
depends on the material length scale, ‘, indenter
geometry, h, and the plastic ﬂow through f, c, and
r. Thus, h* is a crucial parameter that characterizes
the ISE and its accurate experimental measure gives
a reasonable value for ‘.
By assuming that both SSDs and GNDs are coupled in a linear sense, i.e. b = 2 as will be shown
later in Section 5, neglecting the friction hardness
(i.e. Hy = 0), and assuming all the GNDs are stored
in a plastic zone of radius equal to the contact
radius ap (i.e. f = 1), one retains from Eq. (19) the
commonly-used ISE model of Nix and Gao (1998):

 
2
H
h
¼1þ
ð22Þ
H0
hp
Moreover, Nix and Gao (1998) suggested that h*
and H0 are dependent and related through
h* = (81/2)ba2tan2h(G/H0)2. Their relation, thus,
gives a similar argument to that of Eq. (20) which
suggests that h* is dependent on the shape of the
indenter as well as on the material property.
The hardness H from Eq. (19) is dependent on
the value of the interaction coeﬃcient b, which is
considered here as a ﬁtting factor. Therefore, when
ﬁtting the experimental data to the proposed ISE
model, one of the key issues is the suitable choice
for a value of b. As seen in Eq. (1), this parameter
has a physical meaning, where it reﬂects the degree
of interaction between the SSD density, qS, and
the GND density, qG. In Fig. 2 group of sizedependent hardness curves are plotted with various
b values ranging from 0.7 to 2. It is evident that
while the b eﬀect is signiﬁcant especially at lower b
values, all the curves show a strong ISE. The value
of b = 2 corresponds to the Nix–Gao model. It can
be noticed that the hardness is progressively increasing as the indentation depth decreases, but with a
lower rate for b < 2 as compared to the Nix–Gao
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Fig. 2. Normalized hardness versus normalized indentation
depth with diﬀerent values of b.

model. Furthermore, Abu Al-Rub and Voyiadjis
(2004a) have pointed out that in general b should
be less than or equal to 1, so that a higher interaction is obtained. Therefore, it is argued here that
b < 2 is successful in reproducing the deviation from
the Nix–Gao relationship occurring at very low
indentation depths as is shown in the subsequent
sections.
One can easily show that the ISE in conical/pyramidal indentation can be interpreted by a decrease
in hardness with an increase in the residual contact
radius ap simply by substituting for hp in Eq. (19)
the relation hp = aptan h, such that:

  b=2
b
H  Hy
a
¼1þ
ð23Þ
H0  Hy
ap
where a* is given in terms of ‘ by
3
a ¼ 1‘ with 1 ¼ 3
2f cr

ð24Þ

The expression in Eq. (23) shows that H increases
with decreasing the contact radius ap (i.e. GNDs
decreases with increasing ap, qG = 3tan h/2bGap).
Furthermore, Eq. (24) shows that ‘ is independent
of the indenter geometry (i.e. h) when the ISE is
interpreted by Eq. (23).
The size of the plastic zone, cp, in Eq. (13) can be
calculated using the following well-established relation (e.g. Johnson, 1970; Kramer et al., 1999; Chiu
and Ngan, 2002):
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3P
cp ¼
ð25Þ
2pry
Substituting in the above expression H ¼ P =pa2p ,
which is size dependent, with Hy = jry and cp = fap

yields the
of plastic
zone size to contact radius
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
qratio
3
as f ¼ 2 jH =H y . However, P =pc2p is observed
experimentally to be roughly constant with respect
to the indent size (Chiu and Ngan, 2002), and this
means that H is roughly constant at r = cp. This
suggests that the indentation hardness near the elastic–plastic boundary is already approximately selfsimilar and is not aﬀected by size dependent events
at the indent core. It seems, therefore, that at
r = cq
one
p ﬃﬃﬃﬃﬃ
ﬃ can set H = Hy, which gives the factor
f ¼ 32 j such that f is constant. Substituting
j = 3 gives f = 2.12, which is in the range of the
experimental values reported by Kramer et al.
(1999), Feng and Nix (2004), and Durst et al.
(2006). Moreover, Feng and Nix (2004) suggested
a dependence of f on the indentation depth based
on phenomenological aspects and not physical ones.
However, the signiﬁcance of this proposition will be
evaluated in a future work.
It is noteworthy that the present interpretation of
the ISE is based on the evolution of the GNDs,
while from time to time in the literature several
important factors in experiments (e.g. interfacial
friction, indenter pile-up or sink-in, loading rate,
oxidation layer, etc.) have been thought to be
responsible for the ISE. However, careful experimental studies by Xue et al. (2002) have excluded
these factors from being completely responsible for
the ISE.
4. Comparing with experimental results
All the experiments used here in validating the
proposed model, Eq. (19), are conducted at room
temperature and using a Berkovich or Vickers pyramidal indenters for which the nominal or projected
contact area varies as:
Ac ¼ 24:5h2 ¼ pa2

ð26Þ

Using this relation together with tan h = hp/ap
yields:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
tan h ¼
¼ 0:358
ð27Þ
24:5
Lim and Chaudhri (1999), Swadener et al. (2002),
Elmustafa and Stone (2002), and Feng and Nix
(2004) have conducted experimental investigations
on OFC, iridium, alpha-brass, and MgO, respectively, using micro and nanoindentation in order
to study the ISE when using pyramidal indenters.
The hardness experimental data obtained from
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nano and microindentations using, respectively,
Berkovich and Vickers indenters are plotted in Figs.
4a–f as the hardness H versus the indentation depth
hp .
The characteristic form for the ISE presented by
either Eq. (19) or Eq. (23) gives a straight line when
the hardness data are plotted as (H  Hy/H0  Hy)b
versus hb=2
or ab=2
, the intercept of which is one
p
p
and the slope is h*b/2 or a*b/2, respectively. Three
parameters are identiﬁed by obtaining this ﬁt, which
are b, h* (or a*), and Hy. For example, this ﬁtting
procedure is presented in Fig. 3a using Eq. (19) by
plotting the annealed iridium hardness data of Swadener et al. (2002). The interaction parameter
b = 0.8 is chosen such that the best linear ﬁt is
obtained for both micro and nanoindentation hardness data, which yields h* = 0.3 lm. The macroscopic hardness H0 = 2.4 GPa is obtained when
the hardness curve reaches plateau at large indentation depths [see Fig. 4a]. The yield hardness
Hy = 0.305 GPa, which is the work hardening component representing the increase in hardness from
the onset of yielding, is calculated using Hy = jry
with j = 2.8 and ry = 0.109 GPa, where the value
of ry is obtained by Swadener et al. (2002) using a
uniaxial tensile test. It can be seen from Fig. 3a that
the proposed model ﬁts very well both the micro
and nanoindentation hardness data.
Nix and Gao (1998) proposed plotting their
model in Eq. (22) as (H/H0)2 versus 1/hp, which
should result in a straight line with slope h*.
Fig. 3b ﬁts well only the microindentation hardness
data of annealed iridium with H0 = 2.5 GPa and
h* = 2.15 lm, but signiﬁcantly overestimates the
nanoindentation hardness data.
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The ﬁtting procedures as described above for
both the present model and the Nix–Gao model
are repeated for the remaining hardness data of
Lim and Chaudhri (1999), Elmustafa and Stone
(2002), and Feng and Nix (2004). In Figs. 4a–f comparisons between the predictions of the present
model, Eq. (19), and that of the Nix–Gao model,
Eq. (22), are shown. The values of b, Hy, H0, and
h* used to ﬁt the experimental results are shown in
the ﬁgures.
Table 1 shows a summary of the values for b, Hy,
H0 , and h* used to ﬁt the experimental results by the
present ISE model in Eq. (19). The dimensionless
parameter f = 0.141, which is used to estimate the
material length scale parameter ‘ in Table 1, is calculated from Eq. (20)2 by assuming that c = 0.2
[corresponds to 7% eﬀective plastic strain as
reported by Johnson (1970) when using pyramidal
indentation], the Nye factor r ¼ 2 (Arsenlis and
Parks, 1999), the plastic zone ratio f = 2.12, and
tan h = 0.358. The calculation of ‘, therefore,
strongly depends on the material parameters c, r,
and f.
It can be seen from Fig. 4a–f that the present
model predictions agree well with both the micro
and nanohardness data, while the predictions of
the Nix–Gao model diverge signiﬁcantly from the
nanohardness results for hp < 1 lm except for
MgO where Nix–Gao model overpredicts the
nanohardness at hp < 0.2 lm. It can also be noted
from Table 1 and Fig. 4a–f that ideally the macroscopic hardness H0 from the Nix–Gao model and
H0 + Hy from the present model should be the same
since H0 is independent of GNDs. However, in ﬁtting the present model to the experimental data,

15

3.5
3.0

12

2.0

H − 0.305
2.095

1.5

0.8

(H/Ho)2

(H-Hy /Ho-Hy)β

2.5
0.4

0.3
=1+
hp

9

6
2

1.0

H
2.5

3
Annealed iridium (experimental)

0.5
0.0

=1+

2.15
hp

0
0

1

2
(hp)

-β/2

(μm)

3
-β/2

4

0

5

10

15

20

25

30

-1

1/hp (μm)

Fig. 3. The ﬁtting procedures for both (a) the present model, Eq. (19), and (b) the Nix and Gao (1998) model, Eq. (22). The solid line is a
linear curve ﬁt of the experimental hardness results for annealed iridium by Swadener et al. (2002).
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Fig. 4. Comparison of ﬁt of the proposed model and Nix–Gao model to the experimental data: (a) annealed iridium (Swadener et al.,
2002); (b) MgO (Feng and Nix, 2004); (c) annealed OFC (Lim and Chaudhri, 1999); (d) work-hardened OFC (Lim and Chaudhri, 1999);
(e) annealed alpha-brass (Elmustafa and Stone, 2002) and (f) work-hardened OFC (Elmustafa and Stone, 2002). D and O designate
microhardness and nanohardness data, respectively.

H0 is slightly adjusted in order to get the best ﬁt for
both the micro and nanoindentation hardness data.
Furthermore, it can be noticed from Fig. 4 that,
generally, the present model slightly overpredicts

the hardness at very large indentation depths, especially for MgO in Fig. 4b, because the ISE from the
present model does not progressively vanish as fast
as the experimental data. This is due to the fact that
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Table 1
The parameters of the present ISE model, Eq. (19), and the calculation of the length scale parameter ‘, Eq. (20), from the ﬁtted hardness
data
Material
Iridium (annealed)
MgO
OFC (annealed)
OFC (cold-worked)
Alpha-brass (annealed)
Alpha-brass (cold-worked)
a

b
0.8
0.75
0.85
0.87
0.77
1.2

Hy (GPa)
0.305
0.84
0.071
0
0.17
0

H0 (GPa)
a

2.4 (2.5)
8.5 (9.23)
0.44 (0.44)
0.87 (0.87)
1.06 (1.06)
1.31 (1.31)

h* (lm)

‘ = h*/f (lm)

ISE index

0.3 (2.15)
0.004 (0.096)
0.64 (4.0)
0.002 (1.77)
0.005 (0.55)
0.047 (0.43)

2.136
0.025
4.53
0.013
0.036
0.335

1.96
0.26
2.71
0.55
0.36
0.51

The values between brackets are from the Nix–Gao model.

hardness data at larger indentation depths
(h > 10 lm) should also be measured in order to
accurately identify the macrohardness value H0.
Therefore, the noticed deviation of the present
model at large indentation depths can be largely
corrected by using smaller values for H0 without
aﬀecting the predictions at shallow indentation
depths. This is clearly demonstrated for MgO in
Fig. 4b, where H0 = 8.5 GPa gives better ﬁt of the
microhardness data than H0 = 9.23 GPa. Moreover, despite the fact that results for indentation
depths less than 100 nm are aﬀected by tip rounding, the proposed model ﬁts well both micro and
nanohardness data although this eﬀect is not considered in formulating the present model. However, it
is shown in Huang et al. (2006) that the indenter
tip radius eﬀect alone cannot explain the nanoindentation size eﬀect such that the ISE models of Qiu
et al. (2001), Xue et al. (2002), and Qu et al.
(2004), which incorporate this eﬀect, provide only
marginal improvements.
It can be noted from Table 1 that a zero value for
the initial yield hardness Hy is used to ﬁt the hardness data of both work-hardened OFC and Brass.
This is attributed to the higher presence of prior dislocation density in the work-hardened specimen
which triggers yielding immediately upon indenting
the material surface whereas the corresponding
annealed specimen yields after some amount of
indentation. Therefore, the presence of prior dislocations aﬀects the estimation of the material length
parameter [see Eq. (6)1] to yield higher hardness values. Furthermore, the work-hardened specimen has
a reasonably perfect plastic behavior with a constant ﬂow stress [see Lim and Chaudhri (1999) for
stress-strain diagrams] such that the initial yield
stress ry coincides with r0 in the power-law ﬂow
stress, Eq. (3)1, where r0 scales with the macroscopic
hardness H0, Eq. (21).
It is believed that for h < 0.1 lm the dislocation
density based models are limited and discrete dislo-

cation models should be used instead. Therefore,
the proposed model is limited for h P 0.1 lm
although it gives good predictions for annealed iridium for h < 0.1 lm [see Fig. 4a]. The hardness H0.1,
which is the extrapolated hardness value at
h = 0.1 lm, is used here as a representative value
of the ISE. The last column in Table 1 presents
the ISE index which is deﬁned here as (H0.1  H0)/
H0. This index represents the increase in hardness
as compared to the hardness at very large indentation depths (i.e. macrohardness). A larger value of
the ISE index indicates a higher ISE and, therefore,
it can be used to compare the ISE in diﬀerent materials. Accordingly, it is noticed that the annealed
OFC has the largest ISE and the largest material
length scale ‘ = 4.53 lm followed by annealed iridium with ‘ = 2.136 lm. Thus, it can be generally
concluded by comparing the values of the ISE index
and the material length scales ‘ in Table 1 that the
ISE increases as ‘ increases.
Moreover, it can be generally concluded that the
ISE is most pronounced in annealed metallic materials whereas the eﬀect is greatly reduced after cold
working. This can be correlated to the change in
the intrinsic material length scale due to the prior
(initial) dislocation density as can be speculated
from the physical nature of the length scale being
in the order of spacing between dislocations, Eq.
(6). One may, therefore, question the diﬀerence
between the estimated values of ‘ for both annealed
and work-hardened OFC and alpha-brass although
they are obtained at the same plastic strain value of
7%. However, one can notice that ‘ for the workhardened OFC is smaller than that for the annealed
OFC. This indicates that the spacing between dislocations is reduced in the heavily work-hardened
specimen due to the higher presence of prior dislocation density caused by the method of specimen
preparation. In fact, Lim and Chaudhri (1999)
reported that they have cold-worked OFC to a large
strain value of approximately 60%. This means that
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the work-hardened specimen initially contains
higher dislocation density, or equivalently smaller
spacing between dislocations, and thus smaller
material length parameter. The presence of prior
dislocations, thus, aﬀects the estimation of the material length parameter to yield higher hardness values
but lower ISE. Therefore, the shear stresses required
to move dislocations in the work-hardened OFC
will be higher than that required for the annealed
OFC (owing to the interactions of nucleated dislocations with prior dislocations caused by workhardening especially at shallow indentation depths).
The hardness of the annealed OFC is thus smaller
than that of the cold-worked OFC which is conﬁrmed by the experimental results in Fig. 4c and
d. In fact, it is shown through uniaxial compression
tests of annealed and work-hardened OFC by Lim
and Chaudhri (1999) that the work-hardening
results in an increase in the ﬂow stress of 0.29 GPa
for work-hardened OFC compared to the ﬂow stress
of the annealed OFC at 1% plastic strain, which
conﬁrms the previous conclusion. Moreover, this
indicates that materials with smaller ‘ are harder,
and require greater loads to create the same contact
area. Moreover, it can be concluded that the additional amount of hardening during deformation
(i.e. ISE) increases as ‘ increases.
On the other hand, it can be noticed from Table 1
that the ISE in cold-worked brass and the corresponding length scale is larger than that of annealed
brass, which is opposite to that for cold-worked and
annealed OFC. However, the interaction coeﬃcient
b for annealed brass (b = 0.77) is less than that for
cold-worked brass (b = 1.2), which implies, as is
shown later in Section 5, that the total dislocation
density in annealed brass is larger than that in
cold-worked brass when the hardness is measured,
although the initial dislocation density is higher in
cold-worked brass. This is attributed to the workhardening technique followed by Elmustafa and
Stone (2002) that generated low initial dislocation
density. This implies that ‘, which is proportional
to spacing between dislocations, of annealed brass
should be smaller than that for cold-worked brass,
which is the case in Table 1. This explains why the
ISE in work-hardened brass is larger than in
annealed brass. Therefore, this emphasizes again
that as the length scale decreases as the ISE
decreases.
It is noteworthy that the present model, Eq. (19),
can equally well ﬁt the experimental data even when
neglecting the eﬀects of the friction hardness, Hy,

and the storage volume of the GNDs characterized
by f. However, both Hy and f aﬀect the magnitude
of the material length scale signiﬁcantly, Eq. (20),
whereas the interaction coeﬃcient b is not aﬀected
by Hy and f. Moreover, it can be seen from the values of h* in Fig. 4a–f that when using Eq. (19) for
ﬁtting the micro and nanoindentation hardness
data, smaller values for the material length scale
parameter are identiﬁed than that obtained by the
Nix–Gao model. Therefore, it can be concluded that
the Nix–Gao model overestimates the length scale
parameter whereas the values from Eq. (32) are in
the order of the spacing between dislocations, which
is more physically sound as suggested by Eq. (6)1.
5. Discussion
As it is shown in the previous section that when
ﬁtting the experimental data to the ISE model in
Eq. (22), one of the key issues is the suitable choice
for a value of b. As seen in Eq. (1), this parameter
has a physical meaning as it reﬂects the degree of
interaction between SSDs and GNDs. Thus, it can
be concluded from the hardness predictions in
Fig. 4a–f that the discrepancy in the Nix–Gao
model predictions at small indentations (i.e. nanoindentation) can be largely corrected by incorporating
a nonlinear coupling between the densities of SSDs
and GNDs, which is assessed here by the interaction
coeﬃcient b. Therefore, a simple arithmetic sum of
the densities of SSDs and GNDs is a gross assumption especially at small indentation depths. Therefore, if one substitutes Eq. (2) into Eq. (1), one
can express the total dislocation density, qT, by
b=2

b=2

b=2

q T ¼ q S þ qG

ð28Þ

Eq. (28) reﬂects the physical process of dislocation
interaction. Thus, b should be a material parameter
that depends on the material microstructure. For
b = 2, one can write
qT ¼ qS þ qG

ð29Þ

which is the main assumption adopted in formulating the Nix–Gao model. For b < 2, qT is larger than
the arithmetic sum of SSDs and GNDs given by Eq.
(29) whereas for b > 2, qT is smaller than the sum.
Therefore, b either increases (b < 2) the eﬀect of
both kinds of dislocations or decreases (b > 2) such
eﬀect. However, Ashby (1970) has pointed out that
in general the presence of GNDs will accelerate the
rate of SSDs storage and that an arithmetic sum of
their densities, Eq. (29), gives a lower limit on qT so
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that a higher total dislocation density can be obtained. Moreover, Alkorta et al. (2006) recently concluded that for a better quantitative agreement
between the observed and predicted ISE, qT under
the indenter is required to be much denser than
the very idealized assumption in the Nix–Gao

model. Therefore, it is argued here that in order to
properly estimate qT, b should be less than 2.
It can be seen from the values of b in Table 1 that
b  1 such that qT in Eq. (28) can be expressed by
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃ
qT ¼ qS þ qG

ð30Þ
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Fig. 5. Comparison of ﬁt of the modiﬁed model and Nix–Gao model to the experimental data: (a) annealed iridium (Swadener et al.,
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which gives a total dislocation density larger than
that given by Eq. (29). Therefore, one can conclude
that the Nix–Gao model underestimates the total
dislocation density such that it gives the lowest
bound for the total dislocation density. Hence, for
proper estimation of the total dislocation density,
the ﬂow stress in Eqs. (1) and (2) should be written
as
r ¼ ry þ rS þ rG

ð31Þ

Thus, it is argued here that a simple sum of the ﬂow
stress from SSDs and that from GNDs, Eq. (31), is
more adequate than the simple sum of the densities
of SSDs and GNDs, Eq. (29), when formulating the
ISE model. Thus, setting b = 1 in Eq. (19) yields the
following ISE model:
sﬃﬃﬃﬃﬃ

H  Hy
h
ð32Þ
¼1þ
H0  Hy
hp
The degree to which the modiﬁed model in Eq. (32)
can ﬁt the experimental results is shown in Fig. 5a–f,
where it is seen that this equations gives much better
predictions of the micro and nanohardness values as
compared to Nix–Gao model in Eq. (22). The values
of the material parameters that correspond to the
modiﬁed model in Eq. (32) are shown in Fig. 5a–f
whereas the same parameters as in Fig. 4a–f are
used for the Nix–Gao model predictions. Therefore,
it can be concluded from the results in Fig. 5a–f that
a simple sum of the ﬂow stress due to SSDs to that
due to GNDs, Eq. (31), gives better predictions of
the ISE than the simple sum of the densities of SSDs
and GNDs, Eq. (29), adapted in formulating the
Nix–Gao model.
The values of the material length scale from the
ﬁtted hardness data in Fig. 5 are calculated in Table
2 from Eq. (20)1 with f = 0.141. Using the values
listed in Table 2 for the magnitude of the Burgers
vector b, the shear modulus G, the reference stress
r0, the Nye’s factor r ¼ 2, and the Taylor’s factor
m = 3.08 from the literature, one can estimate the
coeﬃcient a by using the estimated values for ‘ from
its deﬁnition in Eq. (8) which yields reasonable values for a within the correct range (from 0.1 to 0.5).
This proves the applicability of Eq. (8) and the proposed hardness model, Eq. (20), in identifying the
material length scale parameter. However, it is
noticed that the magnitude of ‘ from Eq. (8) is signiﬁcantly aﬀected by small variations in a.
Finally, it should be stated that the interaction
coeﬃcient b is considered until now as a phenome-

Table 2
Calculation of the length scale parameter ‘ from the ﬁtted
hardness data by the modiﬁed ISE model, Eq. (32), and by using
Eq. (8)
Material

‘ = h*/f
(lm)

G
r0
(GPa) (GPa)

b
a
(nm) Eq. (8)

Iridium (annealed)
MgO
OFC (annealed)
OFC
(cold-worked)
Alpha-brass
(annealed)
Alpha-brass
(cold-worked)

3.411
0.095
6.8
0.4

217
126
44
44

2.85
4.54
0.512
0.36

0.271
0.298
0.256
0.256

0.34
0.15
0.44
0.1

0.139

37

1.6

0.26

0.23

0.205

37

0.5

0.26

0.1

nological factor that lacks concrete dislocation
mechanics-based interpretations. For establishing
b as a real material parameter or interaction parameter more fundamental interpretations and discussions based on discrete dislocation dynamics
simulations are necessary. Moreover, the proposed
ISE model does not account for the indenter tip
radius (Xue et al., 2002; Qu et al., 2004) and the
indenter pile-up and sink-in (Begley and Hutchinson, 1998; Saha et al., 2001). These eﬀects can be
automatically accounted for by using the ﬁnite element method for the proposed strain gradient plasticity model in Eq. (3).
6. Conclusions
A micromechanical model that assesses a nonlinear coupling between the statistically stored dislocations (SSDs) and the geometrically necessary
dislocations (GNDs) is used in bridging the gap
between the mesomechanical plasticity and the
micromechanical plasticity. Based on this bridging
an analytical expression is derived for the deformation-gradient-related intrinsic length scale parameter ‘ in terms of measurable microstructural
physical parameters. This is done through the use
of the strain gradient theory to bring closer together
the microstructure (described by the Taylor’s hardening law) and continuum (described by the strain
hardening power-law) descriptions of plasticity. As
a result ‘ is deﬁned in terms of the average distance
between dislocations, which characterizes the characteristic length of plasticity phenomenon.
The hardness predictions of the Nix and Gao
(1998) ISE model deviate from the experimental
results at small depths (i.e. nanoindentation) for
conical or pyramidal indentations. A major correc-
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tion of the Nix–Gao model that considers the correct dislocation density strengthening relationship
has been proposed which succeeds in reproducing
the deviation from the Nix–Gao relationship occurring at very low indentation depths. However, the
correction of the plastic zone size in which GNDs
are stored and the inclusion of the friction stress
give marginal improvements to the predictions of
the ISE model but signiﬁcantly aﬀect the identiﬁcation of the material length scale parameter.
The most likely impediment in the Nix–Gao
model is the assumption that the densities of SSDs
and GNDs are coupled in a linear sense, such that
qT = qS + qG; i.e. the ideal assumption of all the
obstacles being equally strong and equally spaced
along a straight or curved contacting line. However,
the real situation in experiments suggests that the
hardening law cannot be taken as a simple sum of
the densities of SSDs and GNDs. The total dislocation density under the indentation is larger than the
simple sum of SSDs and GNDs such that it can be
given by qT ¼ ½qcS þ qcG 1=c where c < 1. It is shown
that the smaller the interaction coeﬃcient c, the
more signiﬁcant the interaction between SSDs and
GNDs. Furthermore, it is shown through the set
of predicted ISE data that c  0.5 gives a proper
estimation of the total dislocation density. This indicates that when using the Taylor’s hardening law a
simple sum of ﬂow stresses from SSDs and GNDs is
more adequate than the simple sum of SSD and
GND densities.
It is concluded that materials with smaller ‘ are
harder and require greater loads in order to create
the same contact area, which dictates that the additional amount of hardening during deformation
increases as ‘ increases. Thus, the hardest materials
have the smallest values of ‘. It is also concluded
that the size eﬀect is more signiﬁcant in annealed
specimens than in cold-worked specimens. This
implies that weaker materials exhibit higher ISE.
Therefore, the ISE is expected to be inﬂuenced by
both prior dislocations and the additional work
hardening that occurs during indentation.
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