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Abstract
A nonlinear kinematic hardening rule is developed here within the framework of thermodynamic principles. The derived kinematic hardening evolution equation has three distinct
terms: two strain hardening terms and a dynamic recovery term that operates at all times. The
proposed hardening rule, which is referred in this paper as the FAPC (Fredrick and Armstrong–Phillips–Chaboche) kinematic hardening rule, shows a combined form of the Frederick and Armstrong backstress evolution equation, Phillips evolution equation, and Chaboche
series rule. A new term is incorporated into the Frederick and Armstrong evolution equation
that appears to have agreement with the experimental observations that show the motion of
the center of the yield surface in the stress space is directed between the gradient to the surface
at the stress point and the stress rate direction at that point. The model is further modiﬁed in
order to simulate nonproportional cyclic hardening by proposing a measure representing the
degree of nonproportionality of loading. This measure represents the topology of the incremental stress path. Numerically, it represents the angle between the current stress increment
and the previous stress increment, which is interpreted through the material constants of the
kinematic hardening evolution equation. This new kinematic hardening rule is incorporated in
a material constitutive model based on the von Mises plasticity type and the Chaboche isotropic hardening type. Numerical integration of the incremental elasto-plastic constitutive
equations is based on a simple semi-implicit return-mapping algorithm and the full Newton–
Raphson iterative method is used to solve the resulting nonlinear equations. Experimental
simulations are conducted for proportional and non-proportional cyclic loadings. The model
shows good correlation with the experimental results.
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1. Introduction
A vast number of models of varying level of sophistication have been developed to
model the elasto-plastic behavior of metals under cyclic conditions. Major classes of
these models include internal state variable theories (e.g. Dafalias and Popov, 1975,
1976; Chaboche and Rousselier, 1981, 1983; Lemaitre and Chaboche, 1990; Dornowski and Perzyna, 1999, 2000) and multisurface models (e.g. Mroz, 1967; Krieg,
1975; Ohno, 1982; Tseng and Lee, 1983; McDowell, 1985a, b; Voyiadjis and Kattan,
1990; Voyiadjis and Sivakumar, 1991). The major diﬀerence among these diﬀerent
plasticity models available in the literature is the hardening rules which describe the
movement of the yield surface corresponding to the kinematic hardening and the
change in the size of the yield surface corresponding to the isotropic hardening. The
loading surface separates the elastic and plastic response regions, which is characterized by its center and radius represented by the backstress and inner yield
strength, respectively.
Isotropic hardening (Hill, 1950) and/or kinematic hardening (Prager, 1956) are
commonly used concepts to describe the plastic behavior of the class M materials
(metal-like behavior) under complex loading conditions. In classical theories of
plasticity, the yield condition is expressed as a von Mises type:
f ¼ Jð  XÞ  RðpÞ  0;

ð1Þ

where Jð  XÞ is the second invariant of the deviatoric stress   X,  and X are
second-order tensors indicating the deviatoric component of the Cauchy stress and
the translation of the yield surface, respectively, and p is a scalar proportional to the
eﬀective plastic strain or the plastic work. Regarding the translation of the yield
surface, Prager (1956) and Ziegler (1959) initiated the fundamental frame-work for
kinematic hardening rules. The major diﬀerence of the two models is mainly the
direction of the translation of the center of the yield surface in the reduced stress
space. Mroz (1967, 1969) introduced the notion of a ﬁeld of work-hardening moduli
represented by a number of hypersurfaces, termed the loading surfaces. In the generalization of his model to non-proportional loading, a new rule for kinematic
hardening is proposed that is diﬀerent from that suggested by Prager (1956). Later
Mroz et al. (1976) generalized the rule of Prager (1956) and that of Eisenberg and
Phillips (1968) to express the phenomena of cyclic relaxation and cyclic creep. The
Armstrong and Frederick (1966) nonlinear kinematic hardening rule generalized the
Prager linear hardening rule by adding an evanescent strain-memory term (dynamic
recovery term) for more accurate prediction of the multiaxial Bauschinger eﬀect.
The Armstrong and Frederick rule has been used extensively by Chaboche and
Rousselier (1981, 1983) and Chaboche (1986, 1989, 1991), where an additive
decomposition of the evolution equation of the backstress into several components
of the Armstrong–Frederick type has been postulated. This decomposition shows an
excellent correlation with the experimental results for monotonic and cyclic loading
(e.g. Ohno and Wang, 1994; Voyiadjis and Basuroychowdhary, 1998; Abdel and
Ohno, 2000; Bari and Hassan, 2002; Yoshida et al., 2002; Chun et al., 2002a, b).
Recently, nonlinear kinematic hardening of the Frederick and Armstrong type have
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been used and modiﬁed also by many authors (e.g. Duszek and Perzyna, 1991; Ohno
and Wang, 1993a, b; Jiang and Kurath, 1996; Wang and Barkley, 1998, 1999; Abdel
and Ohno, 2000, Voyiadjis and Basuroychowdhary, 1998; Basuroychowdhury and
Voyiadjis, 1998; Geng and Wagoner, 2000; Bari and Hassan, 2002; Yaguchi et al.,
2002).
Translation rules based on the concept of the bounding surface in the stress space
were also proposed. The bounding surface is a stress surface located outside the
yield surface (Krieg, 1975; Dafalias and Popov, 1975, 1976). Expansion of the
bounding surface represents the development of isotropic hardening, while translation of the yield surface inside the bounding surface describes the nonlinear kinematic hardening (Ohno et al., 1989). The cyclic plasticity material models that are
based on the concept of a two-surface plasticity model fail to account for the phenomena of complex material memory. The only contribution to the memory is
through the initial and current proximity parameters from the yield surface
(Voyiadjis and Basuroychowdhary, 1998; Basuroychowdhury and Voyiadjis, 1998).
Tseng and Lee (1983) proposed a kinematic hardening rule based on the bounding
surface concept which gives a better correlation with the experimental results. They
assumed that the motion of the yield surface is directed between the deviatoric stress
rate direction and the normal to the yield surface at the current loading point. The
yield surface rotates when the yield surface is verging on contact with the bounding
surface so that no intersection occurs between the yield surface and the bounding
surface at the time of contact. Ohno and Wang (1991a) showed that the rate of the
backstress as given by Chaboche (1989, 1991) is a multi-surface model. Ohno and
Wang (1991b, 1993a, b, 1994) included in their model the hysterisis loop closure,
ratcheting, dynamic recovery, static (thermal) recovery, and a temperature-rate
term.
Voyiadjis and Basuroychowdhary (1998) and Basuroychowdhury and Voyiadjis
(1998) proposed a two-surface plasticity model using a time dependent non-linear
kinematic hardening rule to predict the non-linear behavior of metals under monotonic and non-proportional loadings. The model is based on Chaboche (1989, 1991),
Voyiadjis and Kattan (1990, 1991), and Voyiadjis and Sivakumar (1991, 1994)
models. The stress rate is incorporated in the evolution equation of the backstress
through the addition of a new term. The new term creates an inﬂuence of the stress
rate on the movement of the yield surface, as proposed by Phillips et al. (1974). This
additional term is also dependent on the proximity of the yield surface from the
bounding surface and on the length of the chord of the bounding surface in the
direction of loading. The evolution equation of the backstress is given as four components of the type NLK-T (Non-Linear Kinematic with Threshold) as proposed by
Chaboche (1989). When analyzed for monotonic and cyclic tension loadings on 316
stainless steel, this model was better correlated with the experimental results than the
NLK-T model. The proposed model was also tested for non-proportional loading for
plastic strain controlled cyclic test with a combined axial force and torque for thinwalled tubular specimens of 60/40 brass. The results obtained were very close to the
experimental values by Shiratori et al. (1979). It was also noted that when it was tested
for proportional and non-proportional ratcheting, the results were very similar to the
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experiments, although the decrease in the strain accumulation does not decrease as
fast as in the experimental results.
A ﬁnite element continuum mechanics approach is adopted here to study cyclic
plasticity. In order to accomplish this objective, a thermodynamic consistent model
is developed for the evolution equation of the backstress. This led to a modiﬁed
model (FAPC model) of the nonlinear Frederick and Armstrong kinematic hardening model with an additional term that allows for the motion of the yield surface
to conform well with the experimental observations (see Phillips et al., 1974; Phillips
and Weng, 1975) that show the motion of the center of the yield surface in the stress
space is directed between the gradient to the surface at the stress point and the stress
rate direction at that point. Therefore, the motivation of this work is similar to that
of Voyiadjis and Basuroychowdhary (1998) and Basuroychowdhury and Voyiadjis
(1998), where the inﬂuence of the stress rate on the movement of the yield surface is
considered, as proposed by Phillips and his co-workers (1974), Phillips and Weng
(1975), Phillips and Lee (1979) and Phillips and Lu (1984). This model is similar in
purpose to that of Voyiadjis and Basuroychowdhary (1998) and Basuroychowdhury
and Voyiadjis (1998); however, their proposed kinematic hardening rule is rate
dependent which is not the case in the model proposed here. The derived isotropic
hardening function is similar to the one proposed by Chaboche (1991). The yield
criterion, ﬂow rule, and hardening rules are established to ensure that the state of
stress always lies on the loading surface. Numerical integration of the incremental
elasto-plastic constitutive equations is based on a simple semi-implicit return algorithm (Sivakumar and Voyiadjis, 1997). The full Newton–Raphson iterative method
is used to solve the resulting nonlinear equations. The equations of the model are
integrated analytically for the case of uniaxial monotonic loading and the associated
material parameters are then determined utilizing a nonlinear regression analysis for
uniaxial and cyclic proportional loading. The proposed kinematic hardening rule is
further modiﬁed in order to simulate nonproportional cyclic hardening by using a
nonproportionality measure proposed by Voyiadjis and Basuroychowdhary (1998),
and Basuroychowdhury and Voyiadjis (1998), which is deﬁned as the angle between
the current stress increment and the previous stress increment. This measure represents the topology of the incremental stress path. Experimental simulations are
conducted for proportional and non-proportional cyclic loadings. Recently Chun et
al. (2002a,b) also used a similar concept deﬁned as the angle between two successive
stress vectors.

2. Governing equations of the elasto-plastic model
Since the elasto-plastic response of anisotropic materials is considered here, the
hardening in plasticity is introduced as hidden independent internal state variables
in the thermodynamic state potential. The Helmoltz free speciﬁc energy is considered as the thermodynamic state potential depending on both observable and
internal state variables. The form of this potential
 in terms of the observable variable (T) and internal state variables "e ; p;  ðkÞ can be given as:
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 ¼ ^ "eij ; T; p; ðijkÞ
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ð2Þ

where p and  ðkÞ (k ¼ 1; 2; :::; M) variables characterize the isotropic and kinematic
hardening ﬂux variables in plasticity, respectively, and M being the number of
desired kinematic hardening components. In Eq. (2) T characterizes the temperature
and "e is the elastic component of the strain tensor where for small strain problems
an additive decomposition of the total strain rate can be assumed with "e being the
elastic component and "p being the corresponding plastic component such that:
:
:
:
ð3Þ
" ij ¼ "eij þ "pij
where the superscripts e and p designate the elastic and plastic components, respectively. Moreover, in this work the subscripted letters after the variables indicate the
tensorial nature of the variables unless speciﬁcally stated otherwise.
:
The rate of the isotropic hardening variable of plasticity, p, is deﬁned as the
eﬀective plastic strain and expressed as:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 :p :p
:
" "
p¼
ð4Þ
3 ij ij
The time derivative of Eq. (2) with respect to its internal state variables is given by:
M
:
@ :
@ : @ : X
@ : ðkÞ
Tþ
pþ

 ¼ e " eij þ
ðkÞ ij
@"ij
@T
@p
k¼1 @ij

ð5Þ

From the second law of thermodynamics, the Clausius–Duhem inequality is
expressed as follows:
:
:
T;i
:
50
ð6Þ
ij " ij    þ sT  qi
T
where  is the Cauchy stress tensor,  is the material density, qi is the heat ﬂux
:
vector, T;i is the temperature gradient, s is the speciﬁc entropy per unit mass, and "
is the total strain rate.
Substitution of Eq. (5) into Eq. (6) yields the following expression:
!
M
:
@ : e
@
@ : X
@ :
T;i
:
þs T
p
ij  e "ij þ ij "pij 
5 0 ð7Þ
 ðkÞ ðkÞ
ij  qi
@"ij
@T
@p
T
@
k¼1
ij
from which the following thermodynamic state laws are obtained:
ij ¼ 

@
;
@"eij

s¼

ðk ¼ 1; 2 . . . ; MÞ

@
;
@T

R¼

@
; and
@p

XijðkÞ ¼ 

@
@ðijkÞ

ð8Þ
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Eq. (8) describes the relation between the internal state variables and their associated thermodynamic conjugate forces, where , s, R, and XðkÞ (k ¼ 1; 2; :::; M) are
the conjugate forces corresponding to the internal state variables "e , T, p, and ðkÞ ,
respectively.
Through this formulation a thermodynamic consistent model suitable for cyclic
plasticity of ductile materials is obtained. The internal state variables are selected
independently of one another. Moreover, one can assume decoupling between the
elastic behavior and hardening, with the speciﬁc free energy, Eq. (2), being decomposed into elastic e and plastic p parts:




 ¼ e "eij ; T þ p p; ðkÞ
;
T
ð9Þ
ij
Hence, the Helmholtz free energy  can be expressed in an analytical form of each
of its internal state variables as follows:
 ¼

M


 1X
1
1 bp
"ij  "pij Eijkl "kl  "pkl þ
C ðkÞ ijðkÞ ðkÞ
ij þ Q p þ e
2
3 k¼1
b

ð10Þ

where E is the fourth-order elastic stiﬀness tensor and C, Q and b are materialdependent constants.
The thermodynamic state laws can be obtained from the thermodynamic potential
equation, Eq. (10), by making use of Eqs. (8) as shown below:


ij ¼ Eijkl "kl  "pkl
ð11Þ
2
XijðkÞ ¼ C ðkÞ ðkÞ
ij
3

ðk ¼ 1; 2; . . . ; MÞ



R ¼ Q 1  ebp

ð12Þ

ð13Þ

where XðkÞ (k ¼ 1; 2; :::; M) are the variables that describe the movement of the yield
surface corresponding to the kinematic hardening, and R is the variable that describes
the change in the size of the yield surface corresponding to the isotropic hardening.
It is assumed further that the kinematic hardening conjugate force, X, consists of
M components as proposed by Chaboche and Rousselier (1981, 1983), where each
component is made to evolve independently, such that:
Xij ¼

M
X
XijðkÞ

ð14Þ

k¼1

It follows from Eq. (12) that X can be rewritten as:
M
2X
C ðkÞ ðkÞ
Xij ¼
ij
3 k¼1

ð15Þ
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The Chaboche model has gained popularity and has been implemented into several
commercial ﬁnite element codes in recent years. This model shows an excellent
correlation with the experimental results for monotonic and cyclic loadings (Lemaitre and Chaboche, 1990).
In order to describe the evolution equations of the internal state variables, one
needs to deﬁne ﬁrst the plastic dissipation energy, P, as the sum of the product of
the associated variables with the corresponding ﬂux variables in such a way that it
can be given by substituting the thermodynamic state laws, Eqs. (8), back into the
Clausius–Duhem inequality, Eq. (7):
X ðkÞ : ðkÞ
:
:
 ¼ ij " pij 
Xij ij  Rp 5 0
M

ð16Þ

k¼1

Using the Legendre–Fenchel transformation of plastic dissipation potential, F, one
can obtain the complementary laws in the form of ﬂux variables as function of the
dual variables as follows:


F ¼ F ij ; XijðkÞ ; R ; "eij ; ðkÞ
;
p
50
ð17Þ
ij
In this work the evolution equations of the internal state variables are obtained
through the use of the generalized normality rule of thermodynamics. In this regard
:
the evolution laws for the plastic strain rate, " p , the rate of the kinematic hardening
: ðkÞ
:
ﬂux,  (k ¼ 1; 2; . . . ; M), and the rate of the isotropic hardening ﬂux, p, can be
obtained by: utilizing the calculus of function of several variables with the Lagrange
multiplier, l, in order to construct the objective function O in the following form:
:
 ¼ P  lF
ð18Þ
: :
:
In order to obtain "p , ðkÞ , and p, the following conditions are used to maximize the
objective function, , respectively:
@
¼ 0;
@ij

@
@XijðkÞ

¼ 0 ðk ¼ 1; 2; . . . ; MÞ; and

@
¼0
@R

ð19Þ

:p
By Substituting Eq. (18) into the above relations, the corresponding ﬂow laws of " ,
: ðkÞ
:
 , and p are obtained, respectively, as follows:
: @F
: @F
: @F
:
:
:
ð20Þ
; ðijkÞ ¼ l ðkÞ ðk ¼ 1; 2; . . . ; MÞ; and p ¼ l
" pij ¼ l
@ij
@R
@Xij
:
where l is the multiplier of time-independent plasticity which will be determined
later.
The next important step is the selection of the appropriate form of the dissipation
potential, F, in order to establish the desired constitutive equations that describe the
mechanical behavior of the material.
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3. Plastic dissipation potential and evolution equations
Nonlinear evolution equations for plastic hardening ﬂow rules are required in
order to obtain good correlation with the experimental results in cyclic hardening. In
order to obtain a nonlinear kinematic hardening rule, the plastic potential function,
F, is chosen to be diﬀerent than the yield function, f. This is achieved by a proper
selection of the analytical form of the potential that is deﬁned in Eq. (17). In order
to be consistent and satisfy the generalized normality rule of thermodynamics, the
following form of the plastic potential function, F, is deﬁned here as follows:
: M ðkÞ
M
3X
 ðkÞ ðkÞ ðkÞ 3  ij X
F¼fþ
X X  :
X ðkÞ
ð21Þ
4 k¼1 C ðkÞ ij ij
2 p k¼1 C ðkÞ ij
where  and are constants used to adjust the units of the equation. f is a yield
function of a von Mises type deﬁned as follows:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


3
f¼
ð22Þ
ij  Xij
ij  Xij  yp  RðpÞ 4 0
2
where yp is the initial yield value obtained from simple uniaxial test and ij ¼
ij  13 kk ij is the deviatoric component of the Cauchy stress tensor, . The evolution equations of X and R are derived below.
It is worthy to mention that the second term on the right hand side in Eq. (21) is
included in order to retain the Armstrong and Frederick (1966) nonlinear kinematic
hardening rule. While the inclusion of the third term is motivated by the experimental observations of Phillips et al. (1974) and Phillips and Weng (1975) that show
that the motion of the center of the yield surface in the stress space is directed
between the gradient to the surface at the stress point and the stress rate direction at
that point.
Introducing Eq. (21) into Eqs. (20) the following expressions are obtained:
: @f
: @f
:
" pij ¼ l
¼ l
ð23Þ
@ ij
@Xij
:
:
p¼l
ð24Þ
!
:
: @f
3  ðkÞ ðkÞ 3  ij ðkÞ
:
þ
X  : ðkÞ
ð25Þ
ðkÞ
ij ¼ l
ðkÞ
2 C ðkÞ ij
2 p C
@Xij
Substitution of Eqs. (22) and (24) into Eq. (23) give the following expression for the
:p
evolution of the plastic strain tensor, " :
3 ij  Xij :
:
" pij ¼
p
2 yp þ R
It can be shown from Eqs. (22) and (23) that the following relation is valid:

ð26Þ
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: @f
:
" pij ¼ l ðkÞ
@Xij
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ð27Þ

Therefore, substitution of Eqs. (24) and (27) into Eq. (25) yields the following
expression for the evolution of the k-th kinematic hardening ﬂux variable, such that:
: p 3 ðkÞ ðkÞ : 3 ðkÞ :
:
ðkÞ
X pþ
 ij
ij ¼ " ij 
2C ðkÞ ij
2C ðkÞ

ðk ¼ 1; 2; . . . ; MÞ

ð28Þ

Taking the time derivative of the conjugate forces of Eqs. (11)–(13), and (15) yields
the following relations:
:
: 
:
 ij ¼ Eijkl "kl  " pkl
ð29Þ
:
2 ðkÞ : ðkÞ
XðkÞ
ij ¼ C  ij
3

ðk ¼ 1; 2; . . . ; MÞ

ð30Þ

:
:
R ¼ bQpebp

ð31Þ

M
:
2X
:
Xij ¼
C ðkÞ ðkÞ
ij
3 k¼1

ð32Þ

By substituting Eq. (28) into Eq. (30), the following evolution equation for the
backstress tensor is obtained, such that:
:
2 ðkÞ : p
:
ðkÞ :
XðkÞ
 ij   ðkÞ XijðkÞ p ðk ¼ 1; 2; . . . ; MÞ
ð33Þ
ij ¼ C " ij þ
3
where C ðkÞ ,  ðkÞ , and ðkÞ (k ¼ 1; 2; . . . ; M) are material constants to be calibrated
from available experimental data.
Substitution of Eq. (28) into Eq. (32) results in a general expression for the evolution equation of the kinematic hardening rule, such that:


:
:
:
:
Xij ¼ 23 C"pij þ  ij  Xij p
ð34Þ
where
C¼

M
M
X
X
C ðkÞ ; Xij ¼
 ðkÞ XijðkÞ ;
k¼1

k¼1

¼

M
X
k¼1

ðkÞ

M
X
:
:
; Xij ¼
XðijkÞ

ð35Þ

k¼1

The backstress is then used in conjunction with the bounding surface concept as
proposed by Krieg (1975), Dafalias and Popov (1975, 1976), and modiﬁed by
Voyiadjis and Basuroychowdhury (1998).
The derived kinematic hardening model [Eq. (34)] shows that a new term is generated in the evolution equation of the backstress of the Armstrong and Frederick
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model (1966). If  ¼ ¼ 0, we retrieve the classical linear kinematic hardening rule
(Prager, 1956). If C ¼  ¼ 0, this implies that the movement of the yield surface is
along the direction of the stress rate as suggested by Phillips and Weng (1975). If
C 6¼ 0, 6¼ 0, and  ¼ 0, we obtain the Voyiadjis–Kattan kinematic hardening rule
(Voyiadjis and Kattan, 1990, 1991), which shows the motion of the center of the
yield surface in the stress space is directed between the gradient to the surface at the
stress point and the stress rate direction at that point. This conﬁrms well to the
experimental observations by Phillips and his co-workers (1974), Phillips and Weng
(1975), Phillips and Lee (1979) and Phillips and Lu (1984). If  6¼ 0 a nonlinearity is
introduced which imposes the introduction of the plastic potential as a modiﬁcation
of the yield function. This allows a good modeling of the cyclic behavior of many
metals. Hence, the  term determines the rate at which the saturation of backstress
decreases with increasing plastic strain. In addition, if C 6¼ 0,  6¼ 0, ¼ 0, one
obtains the additive decomposition of the backstress into M-components of Fredrick and Armstrong hardening type as proposed by Chaboche and Rousselier
(1981, 1983). Motivated by all of those models, the derived kinematic hardening rule
is referred to as FAPC (Fredrick and Armstrong–Phillips–Chaboche) rule in this
paper. All the corresponding kinematic hardening ﬂow rules may be obtained as
special cases of the current derived FAPC rule.
In order to derive the evolution of the isotropic hardening function, a relation
between R and p can be obtained from Eq. (13), such that:
1
R
p ¼  ln 1 
b
Q

ð36Þ

:
which upon substituting it into Eq. (31) yields the following expression for R, such that:
:
:
R ¼ b½Q  R p
ð37Þ
This expression is similar to the evolution equation proposed by Chaboche (1989,
1991), where it is further proposed that the asymptotic value Q of the isotropic
hardening is no longer constant but depends on the memory of deformation (q). In
this work the form suggested by Chaboche (1991) will be used, as follows:
Q ¼ QM þ ðQo  QM Þe2

q

ð38Þ

where QM , Qo , and are material constants. The variable q stores one-half of the
plastic strain amplitude in each cycle D"p =2 , which in turn depends on the total
strain amplitude to which the material is subjected in cyclic loading.

4. The elasto-plastic tangent stiﬀness
The plastic ﬂow requires that the representative point of the stress state does not
leave the yield surface (f > 0 is impossible), which is called
: the consistency condition
in: plasticity. In order to ﬁnd the plastic multiplier, l, the consistency condition
(f ¼ 0) is used, such that:
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M
X
:
@f :
@f : ðkÞ @f :
R¼0
f
þ
X þ
ij
ðkÞ ij
@ ij
@R
k¼1 @Xij
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ð39Þ

However, from the yield function in Eq. (22), it is shown that @f=@XðkÞ ¼ @f=@X.
Using this result along with Eq. (14), the consistency condition can be written as
follows:
:
@f :
@f :
@f :
R¼0
ð40Þ
f
Xij þ
ij þ
@ ij
@Xij
@R
Furthermore, the consistency condition may be expressed as follows:
:  :
@f  :
 ij  Xij  R ¼ 0
@ij

ð41Þ

Substitution of the evolution equations
presented in Eqs. (29), (34), and (37) into
:
Eq. (41) gives the plastic multiplier, l, as follows:

:
ð1  Þ @f
:
l¼
Eijkl "kl
ð42Þ
H @ij
where hxi denotes the MacAuley bracket deﬁned by hxi ¼ ðx þ jxjÞ=2, which designates the positive part of x, and H is given by
H¼Cþ

@f
@f
@f
Eijkl
ð1  Þ  Xij
þ bðQ  RÞ
@ij
@kl
@ij

ð43Þ

The elasto-plastic tangent stiﬀness, D, is deﬁned by the rate relation, Eq. (29), such
that:
: @f
:
: 
:
:
 ij ¼ Eijkl "kl  " pkl ¼ Eijkl "kl  l
@kl

ð44Þ

:
:
 ij ¼ Dijkl " kl

ð45Þ

or

where
Dijkl ¼

8
< Eijkl
: Eijkl 

ð1  Þ
@f
@f
Eijrs
Eklmn
H
@rs
@mn

:
:
:
if f < 0 or f < 0 ðl ¼ 0; lf ¼ 0Þ
:
:
::
if f ¼ 0 and f ¼ 0 ðl > 0; l f ¼ 0Þ
ð46Þ

5. A simple semi-implicit correction algorithm
We will use in this work the Sivakumar and Voyiadjis (1997) semi-implicit scheme
in integrating the developed set of nonlinear constitutive equations. This method
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corrects implicitly the updated quantities in order to avoid the yield surface drift. No
iterations are involved in this scheme. The discrete consistency method is used in the
proposed method such that the ﬁnal state of the yield condition after the end of
(n+1)th step is given by:




fnþ1 ij þ D ij ; Xij þ DXij ; R þ DR ¼ fn ij ; Xij ; R þ Df ¼ 0
ð47Þ
where the D-symbol indicates the diﬀerence between the values of a variable at the
end of (n+1)th step and nth step, e.g. D ¼  nþ1   n . But since fn ¼ 0, it follows
that Df ¼ 0. The function Df contains incremental terms yielding a polynomial
equation in Dl. Hence, given the values obtained in the nth step, the value of Dl
needed for the drift correction in (n+1)th step can be obtained. The advantage of
this correction procedure is that all the quantities are corrected simultaneously
unlike the stress-correction algorithms where only the stress is corrected due to drift
of the yield surface.
Converting the deviatoric stress quantities to normal stress quantities and using
the von Mises criterion [Eq. (22)] at (n+1)th step along with the consistency condition [Eq. (39)], one can easily show that the ﬁnal state yield condition [Eq. (47)]
becomes:

 1
3
Dij  DXij Dij  DXij  ðDkk Þ2 ðDRÞ2 ¼ 0
ð48Þ
2
2
Further substituting the expressions for D, DX, and DR from Eqs. (29), (34), and
(37), respectively, yields the following quadratic polynomial expression in terms of
Dl with coeﬃcients in terms of the initial values:
aDl2 þ b Dl þ c ¼ 0

ð49Þ

where

 4



4
4 
a ¼ a1 lij lij  2a2 lij Xij þ Ca2 kij mij þ C 2 mij mij  C Xij mij þ Xij
3
9
3

 2 2 1
Xij  r  Jpp Jqq
3
3

ð50Þ



4
2
b ¼ 2a2 kij Xij  2a1 lij kij  Ca2 kij mij þ npp Jqq
3
3

ð51Þ

1
c ¼ 2a1 kij kij  npp nqq
3

ð52Þ

with kij ¼ Eijkl D"kl , mij ¼ @f=@ij , lij ¼ Eijkl mkl , npp ¼
D"kl , Jpp ¼ Eqqkl mkl ,
PEqqklðkÞ
ðkÞ
r ¼ b½Q  R , a1 ¼ 1  2 þ 2 , a2 ¼ 1  , and Xij ¼ M
k¼1  Xij .
Solving Eq. (49) yields a positive value and a negative value of Dl. By taking the
positive value and substituting it into Eq. (44), yields the updated value of the stress
increment.
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6. Identiﬁcation of the material constants
Identiﬁcation of the material constants associated with any proposed material
model is one of the most challenging issues for researchers in order to obtain better
representation of their material models. The identiﬁcation procedure for the material
constants involved in the described backstress evolution equation is based on available
experimental results. If limited test data are available, C, , and can be based on the
stress-strain data obtained from the half cycle of the uniaxial tension or compression
experiments. Example of such test data is shown in Fig. 1. This approach is usually
adequate when the simulation involves only a few cycles of loading. The details of the
procedure to determine the material constants are outlined below. Although it may be
lengthy, it is important to describe such procedures for elaborate constitutive models.
Integration of the backstress evolution law, Eq. (34), over a half cycle of the
stress–strain data (Fig. 1) can be performed by assuming that for each data point (i ,
"pi ) a value of X is obtained such that:


X ¼   yp þ R
ð53Þ
From which the stress rate can be expressed as follows:
:
:
:
 ¼XþR

ð54Þ

For uniaxial tension or compression loading and more generally, in proportional
: :
:
loading, if the plastic strain increment in the direction of loading is "p ("p11 ¼ "p ) and
since the plastic straining is assumed to be incompressible (Poisson’s ratio is eﬀec:
tively 0.5), then from Eq. (2) the eﬀective plastic strain rate, p, becomes:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
: :
:
:
p ¼ 23 "pij "pij ¼ "p
ð55Þ
Utilizing Eqs. (54) and (55), Eq. (34) can be rewritten as follows:

Fig. 1. Half cycle of stress–strain data representing the hardening in the nonlinear kinematic model (*
represents experimental data at three diﬀerent stress levels).
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dX ¼ 23 C d"p þ

dX þ

dR  X d"p

ð56Þ

Integrating the above expression over a half cycle of the stress strain data at constant R (i.e. assuming translation of the yield surface without change in its size),
yields the following expression:
X¼


2C
2C
  p
þ Xo 
"  "po
exp
3
3
1

ð57Þ

and the state ("po , Xo ) results from the previous ﬂow.
Using a ﬁnite set of points in the uniaxial backstress–plastic strain curve (Fig. 1)
one can approximate the curve in the form of Eq. (57). One now calculates C, , and
so that the curve passes through the data such that the sum of squares of the vertical diﬀerences between the curve and the various data points is minimized (i.e. by
using the least-squares error approach). Eq. (57) is not directly amenable to a leastsquares error ﬁt because the equation is not that of a straight line. However, the
equation is re-arranged in the following form:
ln



2C=3  Xo

exp "p  "po
¼
1
2C=3  X

ð58Þ

With known values of 2C=3 the least-squares error ﬁt can be used to ﬁt Eq. (58).
Close to the saturation point of the stress, Xs (Fig. 1), the hardening (kinematic and
isotropic) increment tends to zero. Thus, by substituting dX ¼ 0 into Eq. (56), X is
reduced to:
Xs ¼

2C
3

ð59Þ

hence, Eq. (58) can be rewritten as:
ln



Xs  Xo

exp "p  "po
¼
1
Xs  X

ð60Þ

Note that Eq. (60) is of the form
y ¼ ax

with

y ¼ ln



Xs  Xo

; and x ¼ exp "p  "po
; a¼
1
Xs  X

ð61Þ

which is the equation of a straight line. That is, one performs a linearizing
transformation. Thus, one can now apply a least-squares ﬁt of the transformed
variables in the forgoing form. It may be remarked that here it is not necessary
to use a process of updating the variables "po and Xo . The state ("po ; Xo ) results
from the previous ﬂow, with the ﬂow always expressed by the same evolutionary
equation.
The value of a for a least-squares ﬁt is given by:
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a¼

n

P P 
ðxyÞ 
x
y
P 2
P
n ðxÞ 
x
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P

ð62Þ

where n is the number of data points and
X

n
X
x¼
xi ;
i¼1

n
X  X
x2 ¼
ðxi Þ2 ; and
i¼1

n
X 2
X
x ¼
xi

!2
ð63Þ

i¼1

One now obtains C and  from Eqs. (59) and (61)3 as follows:
3
C ¼ Xs að1  Þ and  ¼ að1  Þ
2

ð64Þ

However, one has not yet determined the value of
corresponding to a leastsquares error ﬁt. Actually, one has obtained only a least-squares ﬁt of C and  for
a speciﬁed value of . To determine , one needs to minimize the squares of the
errors
n h
i2
X
e2 ¼
X  X
ð65Þ
i¼1

where X is the backstress value from the actual data at the n data points, and X is
the backstress value from Eq. (57). One does not perform this minimization by
ﬁnding where the derivative of the error squared is zero. Instead, one searchs for a
value of for which the error is smallest. That is, is increased in increments from its
possible smallest value to the ﬁrst data point until the error, which ﬁrst decreases,
begins to increase. One, then, successively halves the increment size and searches the
region around the minimum until P
the value of is found to a desired level of accuracy.
ðkÞ
It is clear from Eq. (46) that ¼ M
 1; otherwise the elastic–plastic tangent
k¼1
modulus will be greater than the initial elastic modulus, which is not true. This constraint minimizes the computational cost in ﬁnding the converged value of ðkÞ .
Similarly, for cyclic loading the relation between the stress amplitude and the
plastic strain amplitude can be obtained from the stabilized full cycle of a specimen
subjected to symmetrical cycles. Such a stabilized cycle is shown in Fig. 2. Each data
pair (i ; "pi ) must then be speciﬁed with the strain axis shifted to "po . Integrating the
derived backstress evolution equation, Eq. (34), over this uniaxial strain cycle, provides a similar expression as presented previously by Eq. (57). Therefore, the above
described procedure used to calibrate the material constants C, , and for uniaxial
half-cycle can also be used to obtain the material constants corresponding to the
obtained uniaxial stabilized full-cycle data.
It is noteworthy to mention that the uniqueness of the above described procedure
for half-cycle and full-cycle of the stress–strain test data (Figs. 1 and 2) is restricted
to materials that exhibit high saturation levels of hardening at high stresses for which
excellent ﬁttings can be obtained, while it gives relatively poor ﬁtting for materials
that exhibit low saturation levels of hardening (i.e. for brittle-like behavior).
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Fig. 2. Stabilized full-cycle of symmetrical uniaxial tensile stress-strain data representing the hardening in
the nonlinear kinematic hardening model.

7. Results from simulation of experiments
7.1. Monotonic tensile loading
The proposed model’s material constants (C, , and ) are determined for 316
stainless steel at room temperature by using the uniaxial monotonic experimental
data given by Chaboche (1989, 1991) as shown in Fig. 3. Four kinematic variables
(M=4) are amply suﬃcient to obtain the experimental stress–strain curve. Each set
of the constants C ðkÞ and  ðkÞ (k=1, 2, 3) is obtained using the initial 1.25% strainrange, where ðkÞ (k ¼ 1  4) constants are set to a 0.15 value. The values of C ðkÞ and
 ðkÞ (k ¼ 4) are determined for the later part of the strain-range beyond 1.25 percent
strain. Utilizing the qualitative nature of the parameters C ðkÞ and  ðkÞ observed in
uniaxial loading cases, the values of C ðkÞ calibrated using the identiﬁcation procedure described in Section 6 are further modiﬁed to ﬁt the stress–strain uniaxial
monotonic response. The general guideline followed is that the decomposed rules
(k=1, 2, 3) should have high values of C1 , C2 , and C3 with relatively large values of
1 , 2 , and 3 to represent the initial high rate of hardening and the smooth nonlinear transitional region. C4 and 4 , on the other hand, should have moderate
values to represent the mild hardening portion that occurs beyond 1.25 percent
strain. The obtained material constants are listed in Table 1. The material constants
associated with the isotropic hardening function [Eqs. (37) and (38)] are based on
the total range of strain and are taken exactly as reported by Chaboche (1991). Fig. 3
shows the superposition of the diﬀerent calibrated kinematic hardening and isotropic hardening functions resulting in the ﬁtted stress–plastic strain curve as compared to the corresponding experimental data.
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Fig. 3. Superposition of several kinematic hardening models under uniaxial tensile loading for 316L
stainless steel (M=4).
Table 1
316 stainless steel material parameters using FAPC proposed model (uniaxial monotonic tensile loading)
C1=300,000 MPa
C2=300,000 MPa
C3=80,000 MPa
C4=17,500 MPa
E=187,000 MPa

 1=10,000
 2=5000
 4=800
 4=350
 yp=122.5 MPa

1=0.15
2=0.15
3=0.15
4=0.15
=0.30

Qo=14 MPa
QM=300 MPa
=10
b=8

As pointed out previously in Section 6, there is a constraint on the value of
(  1). In the current case, decomposition of thePbackstress into four kinematic
variables showed that any arbitrary value for ¼ 4k¼1 ðkÞ must fall between 0.05
and 0.6 (i.e. the upper bound is 0.15 for ðkÞ ), which gives fair correlation with
experimental data but with diﬀerent identiﬁed values of C and . During the calibration process, it was noted that any small variation in has a signiﬁcant eﬀect on
the values of C and .
The current material model is implemented in the in-house ﬁnite element code
DNA (Voyiadjis and Kattan, 1999; Kattan and Voyiadjis, 2001). Numerical integration of the incremental elasto-plastic constitutive equations is based on the
implicit return-mapping algorithm described in Section 5. The full Newton–Raphson iterative method is used to solve the resulting nonlinear equations. The developed ﬁnite element code is used to simulate the available test results obtained by
Chaboche (1991) for uniaxial monotonic tensile loading on 316L stainless steel
dogbone specimen using the calibrated material constants listed in Table 1. The
specimen is analyzed as an axisymmetric problem subjected to a tensile loading at
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the free end. Moreover, the stainless steel bar is of diameter 36 mm and gage-length
of 60 mm. This problem is classical and has been mostly considered in the literature.
Fig. 4 shows numerical comparisons of the proposed material model (FAPC),
Basuroychowdhury and Voyiadjis (1998) model, and Chaboche (1991) model with
the corresponding experimental results. The comparisons show better agreement of
the FAPC model predictions with the experimental data than the Chaboche model,
and the Basuroychowdhury and Voyiadjis model predictions for the case of uniaxial
monotonic loading. It is also clear that the proposed model captures the nonlinear
hardening behavior and the smooth transition from elastic to plastic deformation
relatively better than the Chaboche (1991), and the Basuroychowdhury and
Voyiadjis (1998) models. Thus, it is obvious that introducing the term in the Fredrick and Armstrong evolution equation has a signiﬁcant eﬀect with regard to the
experimental simulations.
7.2. Uniaxial tension–compression cyclic loading
One now calibrates the material constants C, , and for the case of uniaxial
tension-compression cyclic loading as proposed in Fig. 2 from a stabilized strain or
stress cycle. The stabilized hysteresis loop of the experimental results (Lemaitre and
Chaboche, 1990) for the symmetrical stress cycles of 316L stainless steel at room
temperature with controlled stress are used here to identify the current material
constants. The obtained material constants are slightly diﬀerent than those obtained
in the uniaxial monotonic tensile loading and are listed in Table 2. The diﬀerence is
only in the C and  constants.
The material response in a stress-controlled environment is obtained using the
developed ﬁnite element code (DNA). The uniaxial stress is made to oscillate

Fig. 4. Finite Element Simulations of uniaxial tensile loading for 316L stainless steel.
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Table 2
316 stainless steel material parameters using FAPC proposed model (uniaxial stress-controlled cyclic
loading)
C1=300,000 MPa
C2=80,000 MPa
C3=15,500 MPa
C4=1,700 MPa
E=187,000 MPa

 1=9000
 2=1000
 4=300
 4=560
 yp=122.5 MPa

1=0.15
2=0.15
3=0.15
4=0.15
=0.30

Qo=14 MPa
QM=300 MPa
=10
b=8

between  336 MPa and the corresponding response is plotted in Fig. 5(a). Comparison with the experimental results using the data of the stabilized cycle is given in
Fig. 5(b). The response of the model is stabilized after a single cycle which conforms
well with the experimental observations in the case of symmetrical cyclic loading
(zero-mean stress or no ratcheting).
7.3. Nonproportional cyclic hardening
One now examines the proposed model in order to simulate hardening behavior
under nonproportional cyclic loading. Materials such as annealed 304 and 316
stainless steel harden much more under nonproportional cyclic loading than under
proportional loading (Lamba and Sidebottom, 1978). A measure representing the
degree of nonproportionality of loading is thus necessary. Most of the constitutive
models developed for proportional loading failed to predict the nonproportional
cyclic hardening as examined by Ohno (1990, 1997). Nonproportionality measures
have been proposed in several works (e.g. Benallal and Marquis, 1987; Krempl and
Yao, 1987; McDowell, 1985a,b; Tanaka et al., 1987; Krempl and Lu, 1989; Ellyin
and Xia, 1989; Chaboche, 1991; Voyiadjis and Sivakumar, 1991, 1994; Ohno and
Wang, 1993a, b, 1994; Voyiadjis and Basuroychowdhary, 1998; Basuroychowdhury
and Voyiadjis, 1998; Abdel and Ohno, 2000, etc.).

Fig. 5. Cyclic hardening under uniaxial stress-controlled cyclic loading of 316L stainless steel at room
temperature: (a) numerical simulation, (b) identiﬁcation of the stabilized cycle.
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However, in this work use is made of the nonproportionality measure introduced
by Voyiadjis and Basuroychowdhary (1998), and Basuroychowdhury and Voyiadjis
(1998). This measure represents the topology of the incremental stress path.
Numerically, it represents the angle between the current stress increment and the
previous stress increment (see Fig. 6), such that:
cos ¼ lijp lijc

ð66Þ

 is interpreted numerically using ﬁnite stress increments. However, as the stress
increment goes to zero,  is interpreted as the curvature of the stress path (Voyiadjis
and Basuroychowdhary, 1998). l c and l p are the unit directional tensors for the current
stress increment and its corresponding unit directional tensor for the previous
increment of stress, respectively, and deﬁned as follows:
:
 ij
lij ¼ : 
ð67Þ
 mn
where  ¼ c or p. The superscripts c and p do not imply tensorial indices but merely
designate the corresponding stress increment step, where c is for the current stress
increment and p is for the previous stress increment.
This measure is introduced here through the material constants C ðkÞ ,  ðkÞ , and  ðkÞ
(k=1, 2,. . .,M) associated with the proposed kinematic hardening evolution equation, Eq. (33), to account for the dependence not only on the stress path loading
direction but also on the rate of change of the stress path direction, such that:


C ðkÞ ¼ C ðkÞ 1 þ sin2  ðk ¼ 1; 2; . . . ; MÞ
ð68Þ
 ðkÞ ¼

ðkÞ



1 þ sin2 



ðk ¼ 1; 2; . . . ; MÞ

and

Fig. 6. Schematic representation of the nonproportionality measure ().

ð69Þ
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 ðkÞ ¼  ðkÞ 1  sin2  ¼  ðkÞ cos2 

ðk ¼ 1; 2; . . . ; MÞ
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ð70Þ

The motivation in postulating such expressions is that the constitutive models that
include dynamic recovery terms predict excessive ratcheting (Ohno, 1990, 1997).
This is mainly attributed to that the dynamic recovery is too active in those models
to simulate ratcheting appropriately. On the other hand, Eqs. (68)–(70) increase the
strain hardening terms [ﬁrst and second terms in Eq. (33)] accompanied by decrease
in the dynamic recovery term [the last term in Eq. (33)] as a function of the stress
path. It is noteworthy also to mention that the dynamic recovery term operates at all
times. This makes the proposed model a nonlinear kinematic hardening model based
on strain hardening and dynamic recovery, which is physically sound and numerically attractive.
From
: Eqs. (68)–(70) one can rewrite the modiﬁed backstress evolution expression
for X from Eq. (33) as follows:
:
2
:
:
:
X ðijkÞ ¼ C ðkÞ "pij þ  ðkÞ  ij   ðkÞ X ðijkÞ p ðk ¼ 1; 2; . . . ; MÞ
ð71Þ
3
In the work of Voyiadjis and Basuroychowdhary (1998), and Basuroychowdhury
and Voyiadjis (1998), only  ðkÞ (k ¼ 1; 2; . . . ; M) and C ð3Þ are assumed to be
dependent on the nonproportionality measure . Diﬀerent equations are also adapted
in their work. However, similar arguments are used here, where it is clear from Eq.
(66) that if one considers straight-line stress paths (e.g. uniaxial monotonic loading),
the angle  is zero between the respective stress increment directions and by which one
retrieves Eq. (33), which includes only the inﬂuence of stress rate direction.
One now utilizes the multiaxial cyclic tests by Tanaka et al. (1985, 1987), which
were performed on 316 stainless steel thin-walled tubular specimens at room temperature, in order to verify the applicability of the proposed model in simulating the
nonproportional cyclic hardening. The types of tests conducted are shown in Fig. 7.
Six types of cyclic loadings are studied here namely, Tension–Compression
[Fig. 7(a)], Torsion [Fig. 7(b)], Cruciform I [Fig. 7(c)], Cruciform II [Fig. 7(d)],
Square [Fig. 7(e)], and Circular [Fig. 7(f)]. The strain and stress states are represented in terms of the plastic strain vector
"p and the corresponding stress vector

pﬃﬃﬃ
p
p
 the deviatoric stress space ( , pﬃﬃ3ﬃ ),
in the plastic strain space ("11 ; 2"12 = 3) and
11
12
respectively, and given as follows:
" p ¼ "p11 n 1 þ 2"p12 n 2



pﬃﬃﬃ
 ¼ 11 n 1 þ 312 n 2




ð72Þ
ð73Þ

where n 1 and n 2 designate a set of orthogonal base vectors in the deviatoric space,
 , and  are the axial plastic strain, the torsional plastic strain, the
and "p11, "p12 , 11
12
axial stress, and the torsional stress, respectively. The magnitudes of " p and  cor

respond to the eﬀective plastic strain and the equivalent von Mises stress,
respectively. The length of the plastic strain path p corresponds to the accumulative or
eﬀective plastic strain and is deﬁned as:
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:
Fig. 7. Cyclic plastic strain paths with D"p =2 ¼0.2% and a constant plastic strain rate p ¼ 3
(Tanaka et al., 1985).

ðt
p¼
o

:
" p dt


105 =s

ð74Þ

The 316 stainless steel thin-walled tubular specimens were again analyzed using the
developed ﬁnite element code DNA. The numerical simulations were carried out at
room temperature by applying the six representative strain paths in the plastic strain
space (i.e. plastic strain controlled cyclic tests) as shown in Fig. 7. A constant
:
equivalent plastic amplitude D"p =2=0.2% and a constant plastic strain rate p ¼
3 105 =s are prescribed for these cyclic tests.
The six fundamental cyclic plastic strain paths shown in Fig. 7 are simulated
numerically as shown in Fig. 8 using the developed model, referred to here as FAPC
model, and compared with the experimental results obtained by Tanaka et al.
(1985). The thin-walled tubular specimens are of outside diameter 21 mm, thickness
1 mm, and gage-length of 60 mm. The material constants used for 316 stainless steel
are outlined in Table 2. However, a diﬀerent Young’s modulus than the one given in
Table 2 is used to conduct the experimental simulations. Tanaka et al. (1985) evaluated the Young’s modulus experimentally, where E=203 GPa as reported in their
paper. Moreover, using the FEM the plastic strain path is discretized into suﬃcient
small increments which give saturated measure of the non-proportionality; i.e. the
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Fig. 8. Eﬀect of cyclic plastic strain paths on cyclic hardening of 316 stainless steel (D"p =2 ¼0.2%,
:
p ¼ 3 105 =s).

loading increments are chosen so that the non-proportionality measure  has little
inﬂuence on the results. Therefore, it is noteworthy to say that if the loading increment is assumed very small, the accuracy in describing the stress or strain paths
increases which is advantageous in simulating the nonproportional cyclic hardening. The accuracy in describing the loading path depends on the amount of
the load increment and thus the nonproportionality measure  also depends on
the increment size. However, if an analytical solution is sought then the nonproportionality measure  is interpreted as the curvature of the stress path. A
mathematical form of this measure has been proposed by Basuroychowdhury
and Voyiadjis (1998). Good correlation between the numerical and experimental
results is obtained as indicated in Fig. 8. This proves that the developed model
is successful in predicting the dependence of cyclic hardening on the shape of
the plastic strain path. In addition, this shows that the proposed nonproportionality measure is appropriate to simulate plastic strain paths consisting
of linear branches passing through the origin in the plastic strain space
[Fig. 7(a)–(d)] as well as nonlinear continuous plastic strain paths [Fig. 7(f)],
where many suggested nonproportionality measures incorporated in several
kinematic hardening models failed to do so (Ohno, 1990, 1997). However, the
decrease in the stress amplitude does not die down as rapidly as in the experimental results indicated in Fig. 8.
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8. Conclusions
A consistent thermodynamic formulation is used in this work in order to derive
the present constitutive material model. The derived kinematic hardening rule,
which is referred in this paper as FAPC (Fredrick and Armstrong–Phillips–Chaboche) rule, is a combination of the Frederick and Armstrong backstress evolution
equation (Armstrong and Frederick, 1966), Phillips evolution equation (Phillips et
al., 1974), and Chaboche series approach (Chaboche and Rousselier, 1983). All
these kinematic hardening rules can be obtained as special cases of the current
derived rule. A new term is generated in the Frederick and Armstrong evolution
equation in order to incorporate the inﬂuence of the stress rate direction on the
cyclic hardening. This new kinematic hardening rule is incorporated in a material
constitutive model based on the von Mises plasticity type and the Chaboche isotropic hardening type.
The proposed material model has been implemented in the in-house ﬁnite element
code DNA (Voyiadjis and Kattan, 1999; Kattan and Voyiadjis, 2001). The implementation employs a simple implicit return-mapping algorithm proposed by Sivakumar
and Voyiadjis (1997) in order to numerically integrate the incremental elasto-plastic
constitutive equations. The full Newton–Raphson iterative method is used to solve
the resulting nonlinear equations. In addition, the equations of the model are integrated analytically for the case of uniaxial monotonic loading and the associated
material parameters are then determined utilizing a nonlinear regression analysis for
uniaxial and cyclic proportional loadings. However, the calibrated values of C ðkÞ
(k ¼ 1; 2; :::; M) are further modiﬁed utilizing the qualitative nature of the parameters C ðkÞ and  ðkÞ observed in uniaxial loading cases. Experimental simulations are
then conducted using the developed ﬁnite element for the case of uniaxial monotonic
loading and cyclic proportional loading. Those simulations show that the proposed
model captures the nonlinear hardening behavior and the smooth transition from
elastic to plastic deformation relatively well.
The model is further modiﬁed in order to simulate nonproportional cyclic hardening
by using a nonproportionality measure proposed by Voyiadjis and Basuroychowdhary
(1998), and Basuroychowdhury and Voyiadjis (1998). This measure accounts for the
topology of the incremental stress path. Numerically, it represents the angle between
the current stress increment and the previous stress increment. This angle is interpreted
numerically using ﬁnite stress increments and for very small stress increments. It is
interpreted as the curvature of the stress path. This measure has been shown to be successful in predicting the dependence of cyclic hardening on the shape of the plastic
strain path. The proposed model is tested for non-proportional loading (multiaxial
ratcheting) by obtaining numerical results for a series of cyclic plastic strain paths and
comparing it with the experimental results by Tanaka et al. (1985), which are performed
on 316 stainless steel thin-walled tubular specimens at room temperature. This shows
that the proposed model is quite successful in simulating both the plastic strain paths
consisting of linear branches passing through the origin in the plastic strain space as
well as for nonlinear continuous plastic strain paths. However, the decrease in the stress
amplitude does not die down as rapidly as in the experimental results.
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