International Journal of Plasticity 20 (2004) 1139–1182
www.elsevier.com/locate/ijplas

Analytical and experimental determination of
the material intrinsic length scale of strain
gradient plasticity theory from micro- and
nano-indentation experiments
Rashid K. Abu Al-Rub, George Z. Voyiadjis*
Department of Civil and Environmental Engineering, Louisiana State University,
Baton Rouge, LA 70803, USA
Received in ﬁnal revised form 21 July 2003

Abstract
The enhanced gradient plasticity theories formulate a constitutive framework on the continuum level that is used to bridge the gap between the micromechanical plasticity and the
classical continuum plasticity. They are successful in explaining the size eﬀects encountered in
many micro- and nano-advanced technologies due to the incorporation of an intrinsic material length parameter into the constitutive modeling. However, the full utility of the gradienttype theories hinges on one’s ability to determine the intrinsic material length that scales with
strain gradients, and this study aims at addressing and remedying this situation. Based on the
Taylor’s hardening law, a micromechanical model that assesses a nonlinear coupling between
the statistically stored dislocations (SSDs) and geometrically necessary dislocations (GNDs) is
used here in order to derive an analytical form for the deformation-gradient-related intrinsic
length-scale parameter in terms of measurable microstructural physical parameters. This work
also presents a method for identifying the length-scale parameter from micro- and nanoindentation experiments using both spherical and pyramidal indenters. The deviation of the
Nix and Gao [Mech. Phys. Solids 46 (1998) 411] and Swadener et al. [J. Mech. Phys. Solids 50
(2002) 681; Scr. Mater. 47 (2002) 343] indentation size eﬀect (ISE) models’ predictions from
hardness results at small depths for the case of conical indenters and at small diameters for the
case of spherical indenters, respectively, is largely corrected by incorporating an interaction
coeﬃcient that compensates for the proper coupling between the SSDs and GNDs during
indentation. Experimental results are also presented which show that the ISE for pyramidal
and spherical indenters can be correlated successfully by using the proposed model.
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1. Introduction
Material length scales or size eﬀects (i.e. the dependence of mechanical response
on the structure size) have been of great importance in many engineering applications. Experimental work on particle-reinforced composites has revealed that a
substantial increase in the macroscopic ﬂow stress can be achieved by decreasing the
particle size while keeping the volume fraction constant (Lloyd, 1994; Rhee et al.,
1994a,b; Zhu and Zbib, 1995; Nan and Clarke, 1996; Kiser et al., 1996; Zhu et al.,
1997). A similar strengthening eﬀect associated with decreasing the diameter of thin
wires in a micro-torsion test and thickness of thin beams in a micro-bending test has
been reported by Fleck et al. (1994) and Stolken and Evans (1998), respectively.
Moreover, micro- and nano-indentation tests have shown that the material hardness
increases with decreasing indentation size (Stelmashenko et al., 1993; DeGuzman et
al., 1993; Ma and Clarke, 1995; Poole et al., 1996; McElhaney et al., 1998; Lim and
Chaudhri, 1999; Elmustafa and Stone, 2002, 2003; Swadener et al., 2002a,b).
Indentation of thin ﬁlms shows an increase in the yield stress with decreasing the
ﬁlm thickness (Huber et al., 2002). Experimental and numerical studies show an
increase in the ﬂow stress with decreasing hole size for geometrically similar perforated plates under tension, i.e. plates with a hole or several holes (e.g. Imamura and
Sato, 1986; Taylor et al., 2002; Tsagrakis and Aifantis, 2002). Furthermore, there
are many other well-known problems that show strong size eﬀects. Example of
which is testing of polycrystalline materials shows an increase in both yield and ﬂow
stresses, or equivalently the hardness, with decreasing the grain diameter; the socalled Hall–Petch behavior. Other similar eﬀects are depicted when the fracture
toughness KIC in fracture design codes decreases with increasing thickness, the size
of the process zone ahead of a crack tip decreases with increasing yield stress,
increase in strength with decreasing the size of the notch for U-notched geometrically similar tensile bars, etc. These experiments have thus shown increasing in
strength with decreasing size at the micron and submicron scales. The mechanical
properties, such as ﬂow stress or hardness, in metallic materials whether in simple
tension, torsion, bending, or indentation testing are thus size dependent. In all of
these cases, the representative length scale ‘ of the deformation ﬁeld sets the qualitative and quantitative behavior of size eﬀects. The classical continuum plasticity
theory (Hill, 1950) cannot predict this size dependency since it does not possess an
intrinsic material length-scale. On the other hand, it is still not possible to perform
quantum and atomistic simulations on realistic time scale and structures. A multiscale continuum theory, therefore, is needed to bridge the gap between the classical
continuum theories and molecular dynamic simulations. In all of the problems
mentioned above, a continuum approach is appropriate since the collective nature of
material defects is suﬃciently large and faraway from individuality.
In the last 10 years a number of authors have physically argued that the size
dependence of the material mechanical properties results from an increase in strain
gradients inherent in small localized zones which lead to geometrically necessary
dislocations that cause additional hardening (e.g. Stelmashenko et al., 1993;
DeGuzman et al., 1993; Fleck et al., 1994; Ma and Clarke, 1995; Arsenlis and Parks,
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1999; Busso et al., 2000; Gao and Huang, 2003). Material deformation in metals
enhances the dislocation formation, the dislocation motion, and the dislocation
storage. The dislocation storage causes material hardening. The stored dislocations
generated by trapping each other in a random way are referred to as statisticallystored dislocations (SSDs), while the stored dislocations that relieve the plastic
deformation incompatibilities within the polycrystal caused by non-uniform dislocation slip are called geometrically-necessary dislocations (GNDs). Their presence
causes additional storage of defects and increases the deformation resistance by
acting as obstacles to the SSDs (Gao et al., 1999b). SSDs are believed to be dependent on the eﬀective plastic strain, while the density of GNDs is directly proportional to the gradient of the eﬀective plastic strain (Kroner, 1962; Ashby, 1970;
Fleck and Hutchinson, 1997; Arsenlis and Parks, 1999). Accordingly, the theories of
strain gradient plasticity have been proposed based on the concept of geometrically
necessary dislocations in order to characterize the size eﬀects. The smaller the
length-scale, the larger the density of GNDs relative to the SSDs and, consequently,
the larger the plastic strain gradients as compared to the average plastic strains.
However, this area of study is still full of controversy and further experimental
studies are needed.
Inspired by the aforementioned size eﬀect problems, a number of gradientenhanced theories have been proposed to address these problems through the
incorporation of intrinsic length-scale measures in the constitutive equations, mostly
based on continuum mechanics concepts. Gradient approaches typically retain
terms in the constitutive equations of higher-order gradients with coeﬃcients that
represent length-scale measures of the deformation microstructure associated with
the non-local continuum. Aifantis (1984) was one of the ﬁrst to study the gradient
regularization in solid mechanics. The gradient methods suggested by Lasry and
Belytschko (1988) and Mühlhaus and Aifantis (1991) provide an alternative
approach to the non-local integral equations (Kroner, 1967; Eringen and Edelen,
1972; Pijaudier-Cabot and Bazant, 1987). The gradient terms in several plasticity
models are introduced through the yield function (e.g. Mühlhaus and Aifantis, 1991;
de Borst and Mühlhaus, 1992; Gao et al., 1999a; Fleck and Hutchinson, 2001; Chen
and Wang, 2002a). The gradient concept has been extended to the gradient damage
theory that has been developed for isotropic damage (e.g. Peerlings et al., 1996) and
for anisotropic damage (e.g. Kuhl et al., 2000; Voyiadjis et al., 2001; Voyiadjis and
Dorgan, 2001). In addition, extension of the gradient theory to rate-dependent
plasticity/damage has been made recently by few authors (Wang et al., 1998;
Aifantis et al., 1999; Oka et al., 2000; Voyiadjis et al., 2003a,b; Gurtin, 2003; Saczuk
et al., 2003). The gradient plasticity theories have given reasonable agreements with
the aforementioned size dependence encountered in composite material experiments
(e.g. Fleck and Hutchinson, 1997; Shu and Fleck, 1999; Shu and Barrlow, 2000;
Busso et al., 2000; Bassani, 2001; Xue et al., 2002a), micro- and nano-indentation
experiments (e.g. Nix and Gao, 1998; Shu and Fleck, 1998; Begley and Hutchinson,
1998; Gao et al., 1999b; Huang et al., 2000a,; Yuan and Chen, 2001) as well as with
the micro-bend and micro-twist experiments (Gao et al., 1999b; Aifantis, 1999;
Tsagrakis and Aifantis, 2002). There are also many gradient-enhanced models that
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were proposed as a localization limiter, i.e. in order to avoid a spurious solution of
the localization problem and excessive mesh dependence in conventional plasticity
and damage (e.g. Aifantis, 1984, 1987; Lasry and Belytschko, 1988; de Borst et al.,
1993; de Borst and Pamin, 1996; Bammann et al., 1999; Voyiadjis et al., 2001,
2003a,b; Voyiadjis and Dorgan, 2001).
Although there has been a tremendous theoretical work to understand the physical role of the gradient theory, this research area is still in its critical state with
numerous controversies. This is due to some extent to the diﬃculty in calibration of
the diﬀerent material properties associated with the gradient-dependent models,
which is impossible for certain cases. But more importantly is the diﬃculty of carrying out truly deﬁnitive experiments on critical aspects of the evolution of the dislocation patterns and crack and void structures. Furthermore, it is believed that the
calibration of the constitutive coeﬃcients of a gradient-dependent model should not
only rely on stress–strain behavior obtained from macroscopic mechanical tests, but
should also draw information from micromechanical, gradient-dominant tests such
as micro/nano-indentation tests, micro-bending tests, and/or micro-torsion tests
accompained by metallographic studies and stereology based quantiﬁcation methods using tomography images. Thus, the full utility of gradient-based models hinges on one’s ability to determine the constitutive length parameter that scales the
gradient eﬀects. The work reported here aims at addressing and remedying this
situation.
At present, it appears that only micro- and nano-indentation hardness has been
measured extensively by many experimentalists and found to exhibit strong size
dependence as the depth of indentation approaches micron or sub-micron scale,
while very limited experimental work has been conducted for studying the size
eﬀects encountered in micro-bending of thin beams and micro-torsion of thin wires.
The study of Begley and Hutchinson (1998) indicated that indentation experiments
may be the most eﬀective test for measuring the length-scale parameter ‘. The
material properties of gradient theories cannot be eﬀectively determined using a
typical tension test where uniform deformation is encountered, while in indentation
tests signiﬁcant work hardening takes place due to severe and non-uniform plastic
and damage deformation concentrated in the localized region directly below the
indentation, outside of which the material still behaves elastically (Hill, 1950; Johnson, 1985). However, it appears that very few researchers have considered the identiﬁcation of the material intrinsic length ‘ of gradient-enhanced theories from
measurements of indentation tests. Begley and Hutchinson (1998) inferred ‘ from
hardness experimental data for a number of materials and found ‘ to lie with the
range of 0.25–1 mm, with the smallest values for the hardest materials. Nix and Gao
(1998) estimated the material length scale parameter ‘ from the micro-indentation
experiments of McElhaney et al. (1998) to be 12 mm for annealed single crystal
copper and 5.84 mm for cold worked polycrystalline copper. Yuan and Chen (2001)
proposed that the unique intrinsic material length parameter ‘ can be computationally determined by ﬁtting the Nix and Gao (1998) model from micro-indentation experiments and they have identiﬁed ‘ to be 6 mm for polycrystal copper and
20 mm for single crystal copper. There have also been some experimental eﬀorts to
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determine the material length ‘ by micro-torsion and micro-bending tests of thin
specimens. Based on Fleck et al. (1994) micro-torsion test of thin copper wires and
Stolken and Evans (1998) micro-bend test of thin nickel beams, the material length
parameter is estimated to be 4 mm for copper and 5 mm for nickel. Aifantis and his
co-workers gave an estimate for ‘ by ﬁtting Fleck et al. (1994) and Stolken and
Evans (1998) experiments as 3.9–4.9 mm for copper and 6.5–15.6 mm for nickel.
Furthermore, Wang et al. (2003) presented a theoretical analysis of diﬀerent microbend test specimens in order to show their suitability for the determination of
intrinsic material length in strain gradient plasticity theory. Their analysis conﬁrms
the ﬁndings of Stolken and Evans (1998).
In considering the microstructure with localization zones, the gradient-dependent
behavior is expected to become important once the length-scale associated with the
local deformation gradients become suﬃciently large as compared with the controlling microstructural feature (e.g. mean spacing between inclusions relative to the
inclusion size when considering a microstructure with dispersed inclusions, size of
the plastic process zone at the front of the crack tip, the mean spacing between dislocations, the grain size and/or grain boundary thickness in polycrystalline materials, etc.). Thus, one major issue in strain-gradient plasticity is the determination of
the intrinsic material length that scales with strain gradients. Recently, Voyiadjis et
al. (2003a,b) developed a general thermodynamic framework for the analysis of
heterogeneous media that assesses a strong coupling between rate-dependent plasticity and anisotropic rate-dependent damage. They showed that the variety of plasticity and damage phenomena at small-scale level dictates the necessity of more than
one length parameter in the gradient description. They tend to express these material
length measures in terms of macroscopic measurable material parameters. Similar
phenomenological expressions have been assumed by Aifantis and co-authors
(Konstantinidis and Aifantis, 2002; Tsagrakis and Aifantis, 2002). Nevertheless, an
initial attempt has been made recently to relate ‘ to the micro-structure of a material. Based on the Taylor model in dislocation mechanics, Nix and Gao (1998)
identiﬁed ‘ as LS2 =b, where LS is the average spacing between SSDs at plastic yield,
and b is the modulus of the Burgers vector. Abu Al-Rub and Voyiadjis (in press)
found ‘ to be proportional to LS and derived an evolution equation for ‘ as a
function of temperature and strain-rate. The work presented here is a continuation
of Abu Al-Rub and Voyiadjis (in press) paper and focuses on identifying the material intrinsic length parameter ‘ in plasticity gradient theories through establishing a
bridge between the plasticity at the micromechanical scale with the plasticity at the
macromechanical scale. A constitutive framework is formulated using a micromechanical model that assesses a nonlinear coupling between statistically stored
dislocation and geometrically necessary dislocation densities. The employed micromechanical model, which is based on the Taylor’s hardening law, is used to link the
strain-gradient eﬀect at the microscopic scale with the stress-strain behavior of an
equivalent continuum with homogenized plastic deformation at the macroscopic
level. This constitutive framework yields expressions for the deformation-gradientrelated intrinsic length-scale parameter ‘ in terms of measurable microstructural
physical parameters.
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Moreover, we present here a method for identifying the material intrinsic length
parameter from micro and nano-indentation tests using both spherical and pyramidal (e.g. Berkovich and Vickers) indenters. However, despite the fact that the
indentation size eﬀect (ISE) has been reported by many well-reputed experimental
groups, there are still points of controversy in addressing this type of size eﬀects.
This study also shed some insight on interpretation of the ISE encountered in microand nano-hardness results from spherical and pyramidal indenters. By considering
the GNDs generated by a conical indenter, Nix and Gao (1998) developed a relation
that suggests a linear dependence of the square of the micro-hardness to the inverse
of the indentation depth. Swadener et al. (2002a,b) utilized the basic precepts given
by Nix and Gao (1998) for a conical indenter and developed an ISE model for
spherical indenters which suggests a linear dependence of the square of the microhardness to the inverse of the diameter of the indenter. Therefore, Nix and Gao
(1998) interpreted the ISE as an increase in the hardness values with decreasing in
the depth of indentation, while Swadener et al. (2002a) showed a dependence of
hardness on the diameter of the indenter rather than on the depth of indentation.
This controversy in interpreting the ISE is successfully explained in this work. Furthermore, recent micro- and nano-indentation results show that the Nix and Gao
and Swadener et al. models predictions deviate from the experimental results at
small depths in the case of Berkovich and Vickers indenters (Lim and Chaudhri,
1999; Saha et al., 2001) and at small diameters for the case of spherical indenters
(Swadener et al., 2002a). Modiﬁcation of the Nix and Gao and Swadener et al.
models is proposed in this study in order to solve this deviation.
Finally, by combining indentation size eﬀect relations developed for both spherical and pyramidal indenters, we ﬁnd a correlation between the measured hardness
from both indenter geometries. This correlation is corroborated by previous experiments on iridium (Swadener et al., 2002a) and oxygen free copper (Lim et al., 1998;
Lim and Chaudri, 1999).

2. Analytical determination of the plasticity length-scale
2.1. Hardening at the macroscopic scale
Many researchers tend to write the weak form of the non-local conventional
_
eﬀective plastic strain ðp Þ, the conjugate variable of the plasticity isotropic hardening, in terms of its local counterpart ðpÞ and corresponding high-order gradients
ðÞ. However, the coupling between p and  was presented in many diﬀerent mathematical forms. The following modular generalization of p can be deﬁned as follows:
p ¼ ½fðpÞ1 þgð‘Þ2 1=3
_

ð1Þ

where ‘ is a length parameter that is required for dimensional consistency and whose
role will be examined in detail later in this paper. f is a function of the eﬀective
plastic strain p and gð‘Þ is the measure of the eﬀective plastic strain gradient of any
order. The superimposed hat denotes the spatial non-local operator. 1 , 2 , and 3
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are phenomenological material constants, termed here as interaction coeﬃcients,
which are introduced in order to assess the sensitivity of the predictions to the way
in which p and  are coupled. The work of Aifantis and his co-authors (see for
example Aifantis, 1984, 1987; Zbib and Aifantis, 1988; Mühlhaus and Aifantis, 1991
and references quoted therein) falls within 1 ¼ 2 ¼ 3 ¼ 1. Two distinct expressions for the
gradient term  were proposed p
byﬃﬃﬃﬃﬃAifantis and his co-workers: ‘ ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘jjrpjj ¼ ‘ rp:rp and ‘ ¼ ‘ r2 p with ‘ ¼ ‘ , where r and r2 are, respectively,
the forward gradient and Laplacian operators. The latter form has been used by de
Borst and his co-workers and by many others in solving the localization problem
(see for example de Borst and Mühlhaus, 1992; de Borst et al., 1993; de Borst and
Pamin, 1996; and references quoted therein).
A diﬀerent strain-gradient plasticity theory of Cosserat type has been introduced
by Fleck and co-workers (see for example Fleck et al., 1994; Fleck and Hutchinson,
1993, 1997, 2001; and references quoted therein). This type of strain-gradient theory
falls within 1 ¼ 2 ¼ 3 ¼ 2 with ‘ expressed as ‘ ¼ c1 iik jjk þc2 ijk ijk þc3 ijk kji ,
where cn (n=1,. . .,3) are material coeﬃcients of length-square dimension. The thirdorder tensor  is deﬁned as the second gradient of displacement u, such that
 ¼ rru, or alternatively deﬁned as the ﬁrst gradient of the plastic strain "p , such
that  ¼ r"p . The mechanism-based strain-gradient (MSG) plasticity theory and the
Taylor-based nonlocal theory (TNT) of plasticity by Gao and his co-workers, which
are based on the work of Fleck and his co-workers, correspond to the case of 1 ¼
3 ¼ 2 and 2 ¼ 1 (see for example Nix and Gao, 1998; Gao et al., 1999a; Huang et
al., 2000a; Gao and Huang, 2001; Hwang et al., 2002; and references quoted
therein). Those types of strain-gradient theories have been used by many authors to
solve the problem of size eﬀects encountered in a variety of problems of mechanical
behavior at small scales, including the strengthening of twisted wires of reducing
diameter, the strengthening of bended beams of reducing thickness, particle reinforced composites, microelectromechanical systems (MEMS), indentation, crack
tips, and void growth (see for example Begley and Hutchinson, 1998; Stolken and
Evans, 1998; Saha et al., 2001; Gao et al., 1999a,b; Huang et al., 2000b; Gao and
Huang, 2001; Guo et al., 2001; Chen and Wang, 2002b; Konstantinidis and Aifantis,
2002; Xue et al., 2002a,b,c; Wang et al., 2003; Hwang et al., 2003; and references
quoted therein).
However, for simplicity, we will assume in the subsequence of this paper that
fðpÞ ¼ p, gð‘Þ ¼ ‘, and 1 ¼ 2 ¼ 3 ¼  (Fleck and Hutchinson, 1997; Begley and
_
Hutchinson, 1998), such that p can be expressed as follows:
p ¼ ½p þ ð‘Þ 1=
_

ð2Þ
_

where  is an interaction coeﬃcient. Eq. (2) ensures that p ! p whenever p >> ‘
_
and that p ! ‘ whenever p << ‘. Two values of  are generally investigated in
the literature: (1)  ¼ 1 which corresponds to a superposition of the contributions of
the local plastic strain and the higher-order gradients of the plastic strain to the ﬂow
stress; and (2)  ¼ 2 which, since the eﬀective plastic strain scales with the norm of
the plastic strain tensor, corresponds to a superposition of the eﬀective plastic strain
of the two types of local and non-local parts.
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The homogenous ﬂow stress f without the eﬀect of deformation gradients can be
identiﬁed, in general, as follows (e.g. Nix and Gao, 1998; Huang et al., 2000a,b;
Yuan and Chen, 2001):
f

¼

o fðpÞ

ð3Þ

where o is a measure of the yield stress in uniaxial tension. For the majority of
ductile materials, the function f can be written as a power-law relation (e.g. Fleck
and Hutchinson, 1997; Kucharski and Mroz, 2001; Hwang et al., 2002), such that:
fðpÞ ¼ p1=m

ð4Þ

where m 5 1 is the hardening exponent which can be determined from a simple
uniaxial tension test or indentation test.
2.2. Hardening at the microscopic scale
The Taylor hardening law that relates the shear strength to the dislocation density
has been the basis of the mechanism-based strain gradient (MSG) plasticity theory
(e.g. Nix and Gao, 1998; Gao et al., 1999a; Huang et al., 2000a). It gives a simple
description of the dislocation interaction processes at the microscale (i.e. over a scale
which extends from about a fraction of a micron to tens of microns). One method to
enhance the coupling between SSDs and GNDs is to assume that the overall shear
ﬂow stress, f , has two components; one arising from SSDs, S , and a component
due to GNDs, G . The following general functional form for f is then chosen as
follows in the spirit of Eq. (2) (Columbus and Grujicic, 2002):
h
i1=
ð5Þ
f ¼
S þ G
where is considered as a material constant, termed the interaction coeﬃcient, and
used to assess the sensitivity of predictions to the way in which the coupling between
the SSDs and GNDs is enhanced during the plastic deformation process. S and G
are given by the Taylor’s hardening law as follows:
pﬃﬃﬃﬃﬃ
ð6Þ
S ¼ S GbS
S

G

¼

G GbG

pﬃﬃﬃﬃﬃﬃ
G

ð7Þ

where bS and bG are the magnitudes of the Burgers vectors associated with SSDs and
GNDs, respectively, and S and G are statistical coeﬃcients which account for the
deviation from regular spatial arrangements of the SSD and GND populations,
respectively. For an impenetrable forest, it is reported that S 0:85 (Kocks, 1966)
and G 2:15 (Busso et al., 2000).
This general form ensures that ! S whenever S >> G and that ! G
whenever S << G . Two values of are generally investigated in the literature: (a)
¼ 1 which corresponds to a superposition of the contributions of SSDs and GNDs
to the ﬂow stress (e.g. Columbus and Grujicic, 2002); and (b) ¼ 2 which, since the

R.K. Abu Al-Rub, G.Z. Voyiadjis / International Journal of Plasticity 20 (2004) 1139–1182

1147

ﬂow stress scales with the square root of dislocation density, corresponds to the superposition of the SSD and GND densities (e.g. Busso et al., 2000). Moreover, Eq. (5)
constitutes the non-local micromechanical plasticity constitutive model due to the presence of GNDs. It is also imperative to emphasize that the validity of the Taylor relationship, Eqs. (6) or (7), has been veriﬁed by numerous theoretical and experimental
studies (see e.g. Hirsch, 1975). Therefore, one may indeed use it as a starting point.
Expressing Eq. (5) in terms of Eqs. (6) and (7) yields a general expression for the
overall ﬂow stress in terms of SSD and GND densities, such that:
"
#1=


G bG
=2
=2
ð8Þ
f ¼ S GbS
S þ
G
S bS
Alternatively, Eq. (8) can be redeﬁned in terms of an equivalent total dislocation
density, T , as follows:
"
 2 2  =2 #2=
=2
G bG
ð9Þ
T ¼
S þ
2 b2 G
S S
so that
f

¼

S GbS

pﬃﬃﬃﬃﬃﬃ

ð10Þ

T

Using the basic functional form of the Taylor relationship as shown by Eq. (10),
one can devise diﬀerent ways of coupling the SSD and GND densities under T ;
however, all are special cases of Eq. (9). For instance, many authors tend to write T
as a linear sum of S and G , such that T ¼ S þ G (e.g. Ashby, 1970; Stelmashenko et al., 1993; DeGuzman et al., 1993; Fleck et al., 1994; Ma and Clarke, 1995;
Nix and Gao, 1998; etc). Eq. (9) reduces to this case when S ¼ G , bS ¼ bG , and
¼ 2. Another possible coupling between the SSD and GND densities has been
proposed by Fleck and Hutchinson (1997), where they expressed T as the harmonic
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 þ 2 . Eq. (9) reduces to this case when
sum of S and G , such that T ¼
S
G
¼ 4. Moreover, Kocks et al. (1975) proposed a general form
S ¼ G , bS ¼ bG , and
1=
as T ¼ S þ G
. This can be obtained from Eq. (9) by setting S ¼ G ,
bS ¼ bG , and ¼ 2. Thus, all the mentioned possibilities of coupling between SSDs
and GNDs are special cases of the general form in Eq. (9).
The tensile ﬂow stress f is related to the shear ﬂow strength through the Taylor
factor Z, such that:
f

¼Z f¼Z

S GbS

pﬃﬃﬃﬃﬃﬃ
T

ð11Þ

where f is equivalent to the eﬀective stress, and the Taylor factor Z acts as an isotropic interpretation
of the crystalline anisotropy at the continuum level (Gao et al.,
pﬃﬃﬃ
1999b); Z ¼ 3 for an isotropic solid and Z ¼ 3:08 for FCC polycrystalline metals
(Taylor, 1938; Bishop and Hill, 1951; Kocks, 1970).
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2.3. Bridging the gap between the macro- and micro-scale hardening
Generally, it is assumed that the total dislocation density, T , represents the total
coupling between the two types of dislocations which play a signiﬁcant role in the
hardening mechanism. Material deformation enhances dislocation formation, dislocation motion, and dislocation storage. Dislocation storage causes material hardening. As was previously outlined, SSDs are generated by trapping each other in a
random way, while GNDs are stored in order to maintain the deformation compatibility within the polycrystalline metal. The presence of GNDs causes additional
storage of defects and increases the deformation resistance by acting as obstacles to
the SSDs and mobile dislocations. The SSDs are created by homogenous strain and
are related to the plastic strain, while the GNDs are related to the curvature of the
crystal lattice or to the strain gradients (Kroener, 1962; Ashby, 1970). Plastic strain
gradients appear either because of geometry of loading and boundary conditions or
because of inhomogeneous deformation in the material. Hence, GNDs are required
to account for the permanent shape change. The non-local eﬀective plastic strain in
Eq. (2) is intended to measure the total dislocation density that accounts for both:
dislocations that are statistically stored and geometrically necessary dislocations
induced by the strain gradients (Gao et al., 1999b, Fleck and Hutchinson, 2001).
However, since uniaxial tension tests exhibit homogenous deformation, Eq. (3)
cannot be used to describe applications where the non-uniform plastic deformation
plays an important role (e.g. twisting, bending, deformation of composites, microor nano-indentation, etc.). Eq. (3) cannot then predict the size dependence of material behavior after normalization, which involves no internal material length-scales.
Consequently, Eq. (3) needs to be modiﬁed in order to be able to incorporate the
size eﬀects. This can be eﬀectively done by replacing the conventional eﬀective
_
plastic strain measure p by its corresponding non-local measure p deﬁned by Eq. (2),
such that we can consider a more general hardening relation:
f

¼

o ½p



þ ðlÞ 1=m

ð12Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where f can also be set equal to the eﬀective orpequivalent
stress
¼
3 ij0 ij0 =2 in
eff
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
0
0
case of the von-Mises type plasticity or eff ¼
kk in case of a Drucker–
ij ij þ
Prager plasticity ( ij0 denotes the deviatoric component of the stress tensor ij ). The
above strain gradient law exactly matches the Fleck–Hutchinson (1993) phenomenological law in the case of a single material length scale with  taken to be 2, but can
be generalized to any arbitrary number larger than 1 without destroying the basic
theoretical framework (Fleck and Hutchinson, 1997).
It is imperative to note that the non-local eﬀects associated with the presence of
local deformation gradients at a given material point are incorporated into Eq. (11)
through GND density (Busso et al., 2000). Thus, Eq. (11) constitutes the non-local
micromechanical plasticity constitutive model. Moreover, at the microscale, where
dislocation densities are used as the appropriate variables to describe plastic ﬂow,
the introduction of higher-order gradient terms in the conventional continuum
mechanics [i.e. Eq. (12)] has led the bridging of the gap between conventional

R.K. Abu Al-Rub, G.Z. Voyiadjis / International Journal of Plasticity 20 (2004) 1139–1182

1149

continuum theories and micromechanical models. Eqs. (11) and (12) imply that
plasticity is the macroscopic outcome from the combination of many dislocation
elementary properties at the micro and mesoscopic scale. These two equations,
therefore, represent the link of microscale plasticity to the macroscopic plasticity.
The eﬀective use of this link will be demonstrated in what follows.
Arsenlis and Parks (1999), Gao et al. (1999a,b), and Huang et al. (2000a) showed
that gradients in the plastic strain ﬁeld are accommodated by the GND density, G , so
that the eﬀective strain gradient  that appears in Eq. (12) can be deﬁned as follows:
¼

G bG

ð13Þ

r

They showed that this expression allows  to be interpreted as the deformation
curvature in bending and the twist per unit length in torsion. r is the Nye factor
introduced by Arsenlis and Parks (1999) to reﬂect the scalar measure of GND density resultant from macroscopic plastic strain gradients. For FCC polycrystals,
Arsenlis and Parks (1999) have reported that the Nye factor has a value of r ¼ 1:85
in bending and a value of r ¼ 1:93 in torsion. The Nye factor is an important parameter in the predictions of the gradient plasticity theories as compared to the
experimental results (Gao et al., 1999b).
With the aid of Eq. (12), which expresses the ﬂow stress in the macroscale, along
with the Taylor’s hardening law, Eq. (11), in the microscale, one can derive an analytical expression for the material intrinsic length ‘ for isotropic hardening gradient
plasticity as a function of physical microstructural parameters. However, in order to
do that a relation between the eﬀective plastic strain ðpÞ and the density of SSDs is
required. During plastic deformation, the density of SSDs increases due to a wide
range of processes that lead to production of new dislocations. Those new generated
dislocations travel on a background of GNDs which act as obstacles to the SSDs. If
LS is the average distance traveled by a newly generated dislocation, then the rate of
:
:
accumulation of strain due to SSDs scales with p / LS bS S . Bammann and Aifantis
(1982) deﬁned the plastic shear strain,  p , as a function of the mobile dislocation
density. However, a similar relation can then be assumed for the evolution of S in
terms of  p for proportional loading (Abu Al-Rub and Voyiadjis, in press), such
that:
 p ¼ bS L S

S

ð14Þ

where LS is the mean spacing between SSDs. Furthermore, Bammann and Aifantis
(1982) generalized the plastic strain in the macroscopic plasticity theory, "p , in terms
of the plastic shear strain,  p , and an orientation tensor, M, as follows:
"pij ¼  p Mij

ð15Þ

where M is the symmetric Schmidt’s orientation second-order tensor. In expressing
the plastic strain tensor at the macro level to the plastic shear strain at the micro
level, an average form of the Schmidt’s tensor is assumed since plasticity at the
macroscale incorporates a number of diﬀerently oriented grains into each
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continuum point (Bamman and Aifantis, 1982, 1987). Moreover, average values are
used for the magnitude of the Burgers vector, bS , and the mean spacing between
SSDs, LS .
The ﬂow stress f is the conjugate of the eﬀective plastic strain variable p in
macro-plasticity. For proportional, monotonically increasing plasticity, p is deﬁned
as:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 p p
" "
p¼
ð16Þ
3 ij ij
Hence, utilizing Eqs. (14) and (15) into Eq. (16), one can write p as a function of
SSDs as follows:
p ¼ bS LS



SM

ð17Þ

which is referred topas
the Orowan-like equation (Abu Al-Rub and Voyiadjis, in
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ¼ 2M : M=3 can be interpreted as the Schmidt’s orientation facpress), where M
tor. It is clear from Eq. (17) that the Burgers vector and the dislocation spacing are
two physical length measures which control plastic deformation.
Substituting G and S from Eqs. (13) and (17), respectively, into Eq. (11), yields
the following expression for the ﬂow stress f :
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2
! =2 31=
2
 r
bS 4 =2
b
L
M
G
s
5
p þ G 2

ð18Þ
f ¼ Z SG

LS M
S bS
Comparing Eq. (18) with Eq. (12) yields the following relations:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bS
 ¼ =2; m ¼ 2;
o ¼ Z SG

LS M

ð19Þ

with the intrinsic material length-scale ‘ expressed as follows:
‘ ¼ hLS

where

h ¼ ð

G= SÞ

2

 r
ðbG =bS ÞM

ð20Þ

The phenomenological measure of the yield stress in uniaxial tension, o , and the
microstructure length-scale parameter, ‘, are now related to measurable physical
parameters. Therefore, the form and magnitude of ‘ depend on the dominant
mechanism of plastic ﬂow at the scale under consideration. It appears from Eq. (20)1
that the size eﬀect and its implications on the ﬂow stress and work-hardening is
fundamentally controlled by dislocation glide. Also, the mapping between micro and
macro plasticity results in  ¼ =2, which is rational for the following reason. One
possible coupling between S and G was presented as T ¼ S þ G with ¼ 2, and
that G and S are linear in the gradient of the plastic strain [Eq. (13)] and the plastic
strain [Eq. (14)], respectively. One concludes then that an appropriate scalar
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measure of hardening is given by Eq. (2) with  ¼ =2 ¼ 1. Moreover, another
possible coupling between S and G can be expressed as 2T ¼ 2S þ 2G with S and
G are obtained from Eqs. (14) and (13), respectively. Hence, one concludes that the
hardening law [Eq. (12)] is appropriately expressed with  ¼ =2 ¼ 2. Furthermore,
the condition m ¼ 2 is not unreasonable for some materials (Nix and Gao, 1998),
particularly for some annealed crystalline solids. However, the authors believe that
the origin of this condition, as it is concluded from the mathematical setup of Eqs.
(11) and (12), comes out from the assumption that the Taylor’s ﬂow stress
isﬃ directly
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
proportional to the square root of the dislocations density (i.e. f / b2 T ), which
be
rewritten as 1=m
with m ¼ 2. More generally, one can assume that f /
T
can
1=m
2
b T
with m 5 1. This is not the subject of this work, but further study needs to
be carried out to show the importance of this generalization.
 from Eq. (19)3 into Eq. (20) one obtains a relation
Moreover, by substituting LS M
for ‘ as a function of the shear modulus and yield stress, such that:
 2
G
ð21Þ
‘ ¼ Z 2 2G bG r
o

It is imperative to mention that based on the Taylor relationship, Nix and Gao
(1998) have identiﬁed ‘ as the square of SSD spacing over the Burgers vector, i.e.
‘ ¼ LS2 =b, which shows that the length scale is proportional LS as appears in Eq.
(20). Therefore, LS is the main physical measure that controls the evolution of the
length scale in gradient plasticity
 theory.
2 In terms of the macroscopic quantities, this
length scale was given as ‘ ¼ b G= f , which is similar to Eq. (21). Moreover, one
can note that Eq. (21) implies that the length-scale parameter may vary with the
:
strain-rate
and temperature for a given material for the case o ¼ o ðp; TÞ, where
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:p :p
:
p ¼ 2"ij " ij =3. However, for most metals, the yield stress increases with the strain
rate and decreases with temperature increase. This causes ‘ to decrease with
increasing strain-rates, but to increase with temperature decrease (Abu Al-Rub and
Voyiadjis, in press).

3. Identiﬁcation of the length-scale from hardness experiments
It is well-known by now that the micro- or nano-indentation hardness of metallic
materials displays strong size eﬀect. Indentation tests at scales on the order of a
micron or a submicron have shown that measured hardness increases signiﬁcantly
with decreasing indent size. This has been attributed to the evolution of geometrically necessary dislocations associated with gradients. Next we present a simple
procedure to identify the intrinsic material length parameter that scales the eﬀect of
GNDs using both spherical and pyramidal (Berkovich and Vickers) indenters.
Tabor (1951) and Atkins and Tabor (1965) showed in their experiments that the
elasto-plastic material response in tensile testing could be correlated to the response in
spherical (or Brinell) indentation. The fundamental parameters for indentation tests
are: the force applied to the indenter P, the residual contact radius of indentation ap ,
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the contact pressure (hardness) H ¼ P=a2p , the permanent indentation depth hp , the
total indentation depth h, the residual indentation proﬁle diameter Dp , and the
indenter geometry (i.e. the sphere diameter D). The unloading process in the indentation experiment is most important for the proper speciﬁcation of these geometric
parameters. Thus, hp and ap should be used as measurable data in the hardness H
calculation as well as the residual indentation proﬁle diameter Dp > D when using
spherical indenters.
Consider now the indentation by a rigid sphere, as shown schematically in Fig. 1.
We assume that the density of geometrically necessary dislocations is integrated by
the geometry of the indenter and the indentation is accommodated by circular loops
of GNDs with Burgers vectors normal to the plane of the surface. We also assume
that the densities of statistically stored dislocations and geometrically necessary
dislocations are coupled as proposed by Eq. (9). One can use the simple model of
GNDs developed by Stelmashenko et al. (1993), DeGuzman et al. (1993), Nix and
Gao (1998), and Swadener et al. (2002a,b) to determine the density of GNDs
evolved under a spherical indenter. The present development follows to some extent
the approach of Nix and Gao (1998) and Swadener et al. (2002a,b). As the spherical
indenter is forced into the surface of a single crystal, GNDs are required to account

Fig. 1. Axisymmetric rigid spherical indenter. Geometrically necessary dislocations created during the
indentation process. The dislocation structure is idealized as circular dislocation loops.
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for the permanent shape change at the surface. Of course SSDs, not shown in Fig. 1,
would also be created and they would contribute to the deformation resistance.
In early hardness experiments, it was concluded that the relation between the
hardness, H, and the permanent indentation depth, hp , follows a power law. Making
use of this observation, Tabor (1951) speciﬁed the mapping from the hardness–
indentation depth curve (H  h curve) to the tensile stress–plastic strain curve
(  p), such that one can assume the following:
 
ap
H¼ f p¼c
ð22Þ
Dp
where  is the Tabor’s factor of  ¼ 2:8 and c is a material constant with a value of
c ¼ 0:4 (Atkins and Tabor, 1965), while corresponding numerical results from Biwa
and Storakers (1995) are:  ¼ 3:07 and c ¼ 0:32. More generally a value between a
c ¼ 0:342 to 0.376 has been determined by Johnson (1985) for a strain-hardening
coeﬃcient from m ¼ 1 to inﬁnity. The relations in Eq. (22) were used by many
authors (e.g. Robinson and Truman, 1977; Tangena and Hurkx, 1986; Oliver and
Pharr, 1992; Huber and Tsakmakis, 1999; Kucharski and Mroz, 2001; Caceres and
Poole, 2002) for determining the stress–strain response on the basis of spherical
indentation tests. However, it should be remarked that the above reported numerical
values for  and c are appropriate only for work-hardened ductile materials and for
relatively large indentation depths (Lim and Chaudhri, 1999). Over the last 10 years,
the Tabor’s Eqs. (22) are strongly taken into reconsideration (see e.g. Shen and
Chawla, 2001; Caceres and Pool, 2002, and the references quoted therein). Nevertheless, one may take them as a starting point.
It can be assumed that the spherical indenter is approximated by a paraboloid,
and the indentation proﬁle in the unloaded conﬁguration can be described by (e.g.
Biwa and Storakers, 1995; Kucharski and Mroz, 2001):
wðrÞ ¼ hp 

r2
Dp

for

0 4 r 4 ap

ð23Þ

where hp , ap , and Dp are measured in the unloaded conﬁguration, which are characterized as the residual values after unloading. By taking the slope of Eq. (23) and
comparing it with Fig. 1, one can easily show that:
 
dw 2r
bG D p
bG
 ¼
or LG ¼
ð24Þ
 dr  D ¼ L
2r
p

G

where LG is the mean spacing between individual slip steps on the indentation surface corresponding to the GND loops. Note that the individual dislocation loops of
GNDs are being unequally spaced along the surface of the indentation. The dislocation loops are closely spaced near to the indenter tip and the spacing between
them increases as one moves faraway from the tip of the indenter (i.e. LG / 1=r).
This agrees well with the experimental observations made by Chiu and Ngan (2002)
who reported that the nucleation and evolution of GNDs are maximum at the tip of
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the indenter. If l is the total length of the injected loops, then between r and r þ dr
we have:
dl ¼ 2r

dr
r2
¼ 4
dr
LG
bG D p

ð25Þ

which after integration gives
ð ap
4a3p
4 2
l¼
r dr ¼
3bG Dp
o bG D p

ð26Þ

Moreover, the dislocation evolution during indentation is primarily governed by a
large hemispherical volume V deﬁned by the contact radius ap around the indentation proﬁle. One can then assume that all the injected loops remain within the
hemispherical volume V, such that:
2
V ¼ a3p
3

ð27Þ

so that the density of geometrically necessary dislocations becomes
G

¼

l
2
¼
V bG Dp

ð28Þ

This relation shows that G underneath the spherical indenter is not a function of
the indentation depth h (or equivalently the contact radius), contrary to that of a
sharp, conical indenter. This conﬁrms the recent ﬁnd by Swadener et al. (2002a) and
Gerberich et al. (2002).
Now considering the results derived in Section 2, the substitution of Eq. (18) into
Eq. (22)1, yields the following expression for hardness ðHÞ, such that:
"
H ¼ Z

S GbS

=2
S


þ

G bG



S bS

#1=
=2
G

ð29Þ

Moreover, one can deﬁne the macro-hardness Ho as the hardness that would arise
from SSDs alone in the absence of strain gradients, such that (Nix and Gao, 1998):
pﬃﬃﬃﬃﬃ
Ho ¼ Z  S ¼ Z S GbS S
ð30Þ
By dividing Eq. (29) by Eq. (30), one obtains the following relation:


H
Ho




¼1þ

G bG

 

S bS

The density of SSDs ð
Eq. (17), such that:

G



=2

ð31Þ

S

SÞ

can be obtained by substituting Eqs. (22)2 and (20) into
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S

¼

cr 2G bG ap
‘b2S 2S Dp
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ð32Þ

Making use of Eqs. (28) and (32) into Eq. (31), one can now write the microhardness for spherical indenters as follows:
 
  =2
H
a
¼1þ
ð33Þ
Ho
ap
where a is given as:
a ¼ &‘ with

&¼

2
cr

ð34Þ

Substituting Eq. (32) into Eq. (30) along with Eq. (21), one can obtain a simple
relation to predict the macro-hardness Ho as follows:
Ho ¼ 

rﬃﬃﬃﬃﬃﬃﬃ
cap
o
Dp

ð35Þ

The above equation matches to a large extent the hardness expression (the Meyer
hardness, Tabor, 1996) proposed ﬁrst by Hill et al. (1989), and modiﬁed later by
Field and Swain (1993), Adler and Dogan (1997), and Kucharski and Mroz (2001).
Hill et al. (1989) provided a complete analysis of the sphere indentation problem for
a non-linear elastic material satisfying the power law ¼ o "1=m , where " is the total
strain, and demonstrated that the relation between hardness and contact radius is of
the form:
Ho ¼ c

1=m


o

ap
Dp

1=m
ð36Þ

Eq. (36) reduces to Eq. (35) when m ¼ 2. A correction of Eq. (36) for elastic–
plastic spherical indentation problem (i.e. materials satisfying the power-hardening
law ¼ o p1=m ) was proposed by Field and Swain (1993), where they measured the
contact radius ap in Eq. (36) at the level of the undeformed surface. A diﬀerent
correction was provided by Adler and Dogan (1997) in order to account for variation of the indentation curvature during unloading, where Dp in Eq. (36) was speciﬁed in the unloaded conﬁguration and the variation of ap was neglected. However,
Kucharski and Mroz (2001) considered the measurement of both ap and Dp in the
unloaded conﬁguration. Moreover, Eq. (36) is usually used to identify the material
parameters o and m by measuring the variation of Ho with respect to ap . Using a
logðHo Þ  log ap =Dp plot of Eq. (36), a linear diagram
 is obtained and its slope
speciﬁes the value of 1/m and its intercept is log c1=m o .
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3.1. Interpretation of the indentation size eﬀect
It can be noted that both Eqs. (33) and (36) in addition to H ¼ P=a2p are functions of the residual contact radius, ap . Therefore, Eq. (33) cannot be used alone to
characterize the indentation size eﬀect (ISE) noticed in hardness experiments with
spherical indenters. However, Lim and Chaudhri (1999), Tymiak et al. (2001), and
Swadener et al. (2002a) have shown experimentally that for indentation of material
with spherical indenters of few microns tip radii, the indentation hardness systematically increases with residual contact radius ap and decreases with the residual
indentation proﬁle diameter Dp . Lim and Chaudhri (1999) and Swadener et al.
(2002a) tend to attribute the ISE to the diﬀerent hardness values obtained for different spheres at the same value of the normalized contact radius ! ¼ ap =Dp (or
equivalently at ﬁxed eﬀective plastic strain p ¼ c !). Therefore, for the same contact
radius, a smaller sphere penetrates to a greater depth than a larger sphere. This
crucial experimental fact suggests that Hill et al. (1989) relation given by Eq. (36)
characterizes the macroscopic hardness and does not incorporate the eﬀect of strain
gradients; thus, it cannot be used to interpret the ISE. Xue et al. (2002b) conﬁrmed
Tymiak et al. (2001) and Swadener et al. (2002b) experimental results by conducting
a numerical study using the mechanism-based strain gradient (MSG) plasticity theory of Gao et al. (1999a) and Huang et al. (2000a). The numerical results showed the
decrease and increase of indentation hardness with increasing residual contact
radius ap for a ﬁxed geometry of pyramidal and spherical indenters (i.e. for a ﬁxed
spherical indenter’s diameter D and a ﬁxed conical indenter’s angle ), respectively.
Therefore, by substituting ap ¼ !Dp into Eq. (33), one obtains a relation that can
characterize the ISE for a constant !, such that:
 
  =2
H
D
¼1þ
ð37Þ
Ho
Dp
where D is a material speciﬁc parameter that characterizes the size dependence of
the hardness and depends on the indenter geometry as well as on the plastic ﬂow,
such that it is given by:
D ¼ ‘

ð38Þ

2
cr!

ð39Þ

with
¼

and the macro-hardness Ho is given by
Ho ¼ c1=m o !1=m

ð40Þ

It is worth mentioning that if ¼ 2 in Eq. (37), one retains the relation recently
proposed by Swadener et al. (2002a), where they expand the Nix and Gao (1998)
framework to include a wide variety of indenter shapes. Moreover, the characteristic
form for the size dependence of the hardness presented by Eq. (37) gives a straight
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line when the data are plotted as ðH=Ho Þ versus Dp =2 for a given !. The intercept
of this line is 1 and the slope is D =2 . Moreover, Eq. (38) shows that D is a linear
function of the length-scale parameter ‘. Thus, D is a crucial parameter that characterizes the indentation size eﬀect and its accurate experimental measure using
spherical indenters yields a reasonable value for the material intrinsic length parameter as will be shown later in this section. Ho , D , and are thus the material
properties used to obtain the hardness predictions.
As we suggested earlier, Eq. (33) or Eq. (37) can be used to calibrate the length
scale parameter ‘ from spherical indentation tests provided that the contact radius
ap and the indentation proﬁle of diameter Dp are speciﬁed in the unloaded conﬁguration. However, from an experimental point of view, the indentation depths in
the loaded and unloaded conﬁgurations, h and hp , are usually measured in the
spherical indentation tests for a given indentation load P and spherical indenter
diameter D, while the contact radius ap is very diﬃcult to measure. Thus, in order to
be able to use Eq. (33) one needs ﬁrst to calculate the residual contact radius ap from
the measurable parameters h and hp . Moreover, one needs to specify the residual
contact radius ap in order to estimate the micro-hardness H ¼ P=a2p and the macrohardness Ho in Eq. (33) for a spherical indenter. As such, it is desirable to ﬁnd a
relationship between the indentation depths h and hp and the contact radiusap .
There are many geometric relationships available in the literature that are used to
estimate ap . A review of these relationships is given by Kucharski and Mroz (2001).
This relationship, however, should be a function of the material properties since
smaller yield strains and higher hardening exponents generally imply larger amounts
of material ﬂow, and hence, larger contact size (Begley and Hutchinson, 1998). For
this purpose, we adopt the relations that were recently proposed by Kucharski and
Mroz (2001) in order to calculate ap and Dp in the unloaded conﬁguration in terms
of the measured parameters h and hp , such that:



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:38 h  hp
2
ð41Þ
ap ¼ q Dp hp and Dp ¼ D 1 þ
hp q2
where D is the diameter of the spherical indenter and q2 is a constant (mostly of the
order of 1.0) dependent only on the exponent m and is deﬁned by Tabor (1951) as
follows:


2m  1
2
q ¼ 2:5
ð42Þ
4m þ 1
It has been argued by Swadener et al. (2002a) and Xue et al. (2002b) that the ISE
for a spherical indenter is not related to the depth of indentation hp . Xue et al.
(2002b) also suggested that the macro-hardness (Ho ) and the micro-hardness (H)
increase with the contact radius ap . However, this is only valid for a ﬁxed indenter
diameter D and not for a ﬁxed !, where the latter illustrates the ISE in spherical
indentation as suggested above (i.e. diﬀerent hardness values for diﬀerent spheres).
The substitution of Dp from Eq. (41) into Eq. (37) yields a relation that shows the
depth dependence of micro-hardness on the indentation depth at a speciﬁc eﬀective
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plastic strain p (or equivalently at ﬁxed !), in contrast to the suggestion of Swadener
et al. (2002a) and Xue et al. (2002b), such that:
 
  =2
H
h
¼1þ
ð43Þ
Ho
hp
where h is given as:
h ¼ ‘ with

¼

2!
crq2

ð44Þ

Eq. (43) agrees with the ﬁnding of Stelmashenko et al. (1993), DeGuzman et al.
(1993), Ma and Clarke (1995), Poole et al. (1996), McElhaney et al. (1998), Nix and
Gao (1998) and many others followed (see the Introduction), who showed that the
indentation hardness obtained using a conical or pyramidal indenters increases with
decreasing indentation depth hp . Moreover, this result agrees well with the experimental results of Tymiak et al. (2001) who showed for diﬀerent spherical tip radii of
few microns the decrease in indentation hardness with indentation depth for (100)
aluminum.
To emphasize the above result, one can easily show that the GND density ( G )
nucleated and evolved underneath a spherical indenter [Eq. (28)] decreases with
increasing the indentation depth hp for a constant !. By substituting Dp from Eq.
(41) into Eq. (28) with ! ¼ ap =Dp , one can rewrite G as a function of the indentation depth hp as follows:
G

¼

2!2
q 2 bG hp

ð45Þ

This qualitatively agrees well with the expression derived by Nix and Gao (1998)

for the density
of GNDs nucleated underneath a conical indenter
G ¼

3tan2 =2bG h p where  is the angle of indented surface that remains constant (for
sharp constant angle indenters like a Berkovich or Vickers) similar to ! for the
spherical indenter, such that tan ¼ h p =a p and ! ¼ ap =Dp . Note that the superimposed bar designates data associated with a conical/pyramidal indenter.
Recently, a method was developed to determine the material length-scale using
micro-hardness results from conical/pyramidal indenters (Abu Al-Rub and Voyiad , the macro-hardness, H
 o,
jis, in press). A relation between the micro-hardness, H

and the length-scale parameter, l, was given as follows (see Fig. 2):
!
! =2

H
h
¼1þ
ð46Þ
o
H
h p
 o and h are given as follows:
where H
 o ¼  o c1=m ðtanÞ1=m
H

ð47Þ
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Fig. 2. Axisymmetric rigid conical indenter. Geometrically necessary dislocations created during the
indentation process.

h ¼  ‘

with

 ¼

3
tan
2c r

ð48Þ

The superimposed bar is used in the rest of this paper to distinguish the conical/
pyramidal indenter parameters from those of the spherical indenter. The characteristic form for the depth dependence of the hardness presented by Eq. (46) gives a
 =H
 o Þ versus h  =2 , with an intercept of
straight line when the data are plotted as ðH
=2

1 and a slope of h
. The length-scale parameter ‘ ¼ h = can then be calculated
using Eq. (48)1, where  is determined in terms of the shape of the conical indenter
(i.e. tan) and the material properties (i.e. r and c) which are known. Therefore, by
using Eq. (46) to ﬁt the hardness experimental data obtained from indentation tests,
one can simply compute the intrinsic length-scale parameter that characterizes the
size eﬀects using Eq. (48).
By setting ¼ 2 in Eq. (46), one retains the relation originally proposed by Nix
and Gao (1998), where they found a linear dependence of the square of the
 2 , to the inverse of the indentation depth, 1=h p . Nix and Gao
micro-hardness, H
 o are dependent and related through
(1998), also, suggested that h and H
h ¼ ð81=2ÞbS 2 tan2 ðG=H
 o Þ2 . Their relation, thus, gives a similar argument to that
of Eq. (48) which suggests that h is dependent on the shape of the indenter as well
as on the material property. c is a material constant on the order of 1.0 which estimates the eﬀective plastic strain under the conical/pyramidal indenter as p ¼
cðh p =a p Þ ¼ ctan (Johnson, 1970; Tymiak et al., 2001; Xue et al., 2002b). Note that
for a constant angle pyramidal indenter , h p =a p is constant, which implies that the
plastic strain is independent of depth. However, hp =ap is not constant for spherical
indenters as it is for perfectly sharp ones. Thus, unlike the spherical indenter, several
conical or pyramidal indenters have to be used in order to determine the whole
plastic behavior of the material. This emphasizes again the above suggestion that in
order to characterize the ISE in hardness experiments by spherical indenters, the
ratio of ! ¼ ap =Dp should be ﬁxed or, equivalently, p ¼ c! should be constant; that
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is, setting the plastic strain to be independent of the sphere size. By doing this,
one draws an analogy of the ISE in spherical indentation similar to that in conical/
pyramidal indentation.
Moreover, one can easily obtain a similar relation to Eq. (33) for conical or
pyramidal indenters by substituting for h p in Eq. (46) the relation h p ¼ a p tan,
such that:
!
  =2

H
a
¼1þ
ð49Þ
o
a p
H
where a is given as:
a ¼ &‘

with

& ¼

3
2 c r

ð50Þ


The expression in Eq. (49) shows that the pyramidal indentation hardness H
increases with decreasing the contact radius a p (i.e. GNDs decreases with increasing
contact radius, G ¼ 3tan=2bG a p ). This result agrees well with the experimental
observations for sharp indenters with constant indenter angle such as the Berkovich
and Vickers indenters (e.g. Lim and Chaudhri, 1999; Tymiak et al., 2001; Gerberich
et al., 2002; Swadener et al., 2002b, Elmustafa and Stone, 2002, 2003).
As a result of the above discussion, the analogy between the ISE observed in
micro- and/or nano-hardness experiments by conical/pyramidal and spherical
indenters is shown in Table 1. Note that the row
before last
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ in Table 1 shows that
one can characterize the ISE by using H ¼ Ho 1 þ h =hp (i.e for ¼ 2) for either
the micro-hardness or the nano-hardness, but not for both. This is called the bilinear
ISE as noted for aluminum and alpha brass by Elmustafa and Stone (2002, 2003) for
hardness results obtained using a pyramidal indenter. Elmustafa and Stone (2002,
2003) observed that when ðH=Ho Þ2 ¼ 1 þ h =hp is used to ﬁt the experimental results,
the data at deep indents (micro-hardness) exhibits a straight-line behavior, whereas for
shallow indents (nano-hardness) the slope of the line severely changes, decreasing by a
Table 1
Indentation size eﬀect (ISE) in conical/pyramidal and spherical indenters
Property

Conical/pyramidal indentera

Spherical indenter

ISE [Hardness " $ depth #]
Eﬀective plastic strain, p

Fixed  or p
p ¼ c hp =ap ¼ ctan

Fixed ! or p
p ¼ c ap =Dp ¼ c !

Eﬀective plastic strain gradient, 

 ¼ 3tan2 =2rhp

 ¼ 2!2 =q2 rhp

Length-scale parameter, ‘ ¼ h =

 ¼ 3tan=2cr

Macro-hardness, Ho
Micro- or nano-hardness, H (bilinear ISE)
Micro- and nano-hardness, H
a

1=m

 ¼ 2!=q2 cr
1=m

Ho ¼  o c ðtanÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H ¼ Ho 1 þ h =hp
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 =2
H ¼ Ho 1 þ h =hp

Ho ¼  o c1=m ð!Þ1=m
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H ¼ Ho 1 þ h =hp
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 =2
H ¼ Ho 1 þ h =hp

Note that the superimposed bar, which is used to distinguish conical parameter from spherical, has
been removed.
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factor of 10, resulting in a bilinear behavior. However, the relation in the last row of
Table 1 has been used successfully by Abu Al-Rub and Voyiadjis (in press) to ﬁt
both micro- and nano-hardness values (i.e. for deep and shallow indents, respectively) obtained using pyramidal indenters. Diﬀerent positive values of for diﬀerent materials have been used to ﬁt the data. We believe that is a material property
that contributes as an ‘‘interaction coeﬃcient’’ which assesses the proper coupling
between the SSD density ð S Þ and the GND density ð G Þ [see Eq. (9)] during indentation or, equivalently, the coupling between the eﬀective plastic strain (p) and its
gradient () [see Eq. (2)]. This coupling cannot be simply linear (i.e. obstacles of a
similar strength) as advocated by many authors (e.g. Kocks et al., 1975; Ma and
Clarke, 1995; Poole et al., 1996; Nix and Gao, 1998). Similar argument has been
made by Fleck and Hutchinson (1997), Begley and Hutchinson (1998), Stolken and
Evans (1998), and Zaiser and Aifantis (2003). However, no attempt has been made
until now to study the eﬀect of on solving the size eﬀect problems with the aid of
the gradient theory.
It should also be stated here that the above interpretation of the ISE is based on
the evolution of the GNDs, while from time to time in the literature; several
important factors in experiments (e.g. interfacial friction, indenter pile-up or sink-in,
loading rate, oxidation layer, etc.) have been though to be responsible for the ISE.
Excellent review of these factors is given by Xue et al. (2002b). However, careful
experimental studies have excluded these factors from being completely responsible
for the ISE (Xue et al., 2002b).
3.2. Identiﬁcation of the length-scale
The above identiﬁcation theory is ﬁrst applied to the micro- and nano-indentation
results obtained by Swadener et al. (2002a) for spherical indentation of annealed
iridium. The contact radii ap were measured by atomic force microscopy (AFM).
The spherical indentation was conducted using 14, 69, 122, 318, and 1600 mm
spheres for which plots of the mean values of hardness versus the normalized contact radius ! ¼ ap =Dp were presented. The plots showed a monotonic increase in
hardness with increasing !. However, the experimental results showed a decrease in
hardness with increasing Dp at the same value of ! and thus at the same value of the
eﬀective plastic strain (since p ¼ c !). This illustrates the ISE as proposed by Eq.
(37) for spherical indenters.
It is worth to mention that all the experiments used here in identifying the lengthscale parameter were conducted at room temperature. Furthermore, it was also
reported that no damage occurred in the material beneath the indenter such that the
measured micro- and nano-hardness data provides a true measure of the plastic
properties of the material. Micro- and nano-hardness thus provide a convenient tool
for the identiﬁcation of the plasticity intrinsic material length-scale, provided
damage is avoided.
Following the procedure proposed above for identiﬁcation of the material length
parameter, the hardness results obtained from micro- and nano-indentation tests
can be displayed as a plot of ðH=Ho Þ versus Dp =2 such that the slope of the
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resulting straight line is D =2 [see Eq. (37)]. Fig. 3 shows the ISE for ! ¼ 0:025
(1% eﬀective plastic strain) for the ﬁve spherical tips. In this ﬁgure a comparison of
the present model with the Swadener et al. (2002a,b) model is also shown. It is
obvious that the present model with Ho ¼ 0:9 GPa, ¼ 0:85, D ¼ 52 mm (diﬀerent than ¼ 2 and D ¼ 500 mm of Swadener et al., 2002a,b, model) agrees well
with the experimental results for small and large spheres; while the Swadener et al.’s
model overestimates the hardness at small values of Dp and it ﬁts the data well for
Dp > 100 mm. The dimensionless parameter  ¼ 100 given by Eq. (39) for c ¼ 0:4,
! ¼ 0:025, and r ¼ 2 can now be used to estimate the material length parameter to
be ‘ ¼ 0:52 mm using Eq. (38) with D ¼ 52 mm.
The above identiﬁcation procedure is also applied to the nano-indentation hardness results of Lim et al. (1998 and Lim and Chaudhri, 1999) for spherical indentation of polycrystalline annealed and work-hardened oxygen free copper (OFC). The
projected contact areas of the nano-indentations were measured using AFM and
were used for determining the nano-hardness values. The variation in the hardness
with ap =D was determined using spherical indenters of diameters 14, 60, 120, 400,
and 1000 mm. The value of Dp was not reported there, but is assumed here to be
1.1D. Fig. 4 shows the ISE for ! ¼ 0:025 (1% eﬀective plastic strain) for diﬀerent
spheres. The comparison of the present model [Eq. (37)] and the Swadener et al.’s
model with the experimental results shows, once again, that our proposed model
with having diﬀerent values than 2 ﬁts the results very well, while the Swadener et
al.’s model overestimates the hardness values at small indentation diameters of
Dp < 40 mm. A plot of ðH=Ho Þ versus Dp =2 using the present model is also shown
in Fig. 4. Two diﬀerent sets of data have been used to ﬁt the experimental results for
OFC: Ho ¼ 0:12 GPa,
¼ 0:88, D ¼ 79 m for annealed OFC and
Ho ¼ 0:87 GPa, ¼ 0:8, D ¼ 0:114 mm for work-hardened OFC. Note that Ho
corresponds to the saturation value when the hardness H does not change as the
indentation size increases. Using  ¼ 100, as determined above for annealed iridium,
implies that ‘ ¼ 0:79 mm and ‘ ¼ 1:14 nm for annealed and work-hardened OFC,
respectively. A summary of the ﬁtting results is included in Table 2.
As suggested by Eq. (20), the material length parameter is proportional to the
mean spacing between the SSDs (LS ) or equivalently to the density of the SSDs ( S ).
One may, therefore, question the diﬀerence between the estimated values of ‘ for
both annealed and work-hardened OFC although they are obtained at the same
plastic strain value of 1%. However, one can note that ‘ for the work-hardened
OFC is smaller than that for the annealed OFC. This indicates that the spacing
between the SSDs is reduced in the heavily work-hardened specimen due to the
higher presence of prior dislocation density caused by the method of specimen
preparation. Lim and Chaudhri (1999) reported that they cold-worked the OFC to
a large strain value of approximately 60%. This means that the work-hardened
specimen initially contains higher dislocation density, or equivalently smaller mean
spacing between dislocations, and thus smaller material length parameter. The
presence of prior dislocations, thus, aﬀects the estimation of the material length
parameter to yield higher hardness values. The shear stresses required to move
dislocations in the work-hardened OFC will be higher than that required for the
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annealed OFC (owing to the interactions of nucleated dislocations with prior dislocations caused by work-hardening); thus, the nano-hardness of the latter is smaller
than that of the former which is conﬁrmed by the experimental results in Fig. 4(a)
and (b). Moreover, from compression tests of annealed and work-hardened OFC
(Lim and Chaudhri, 1999), it is noticed that the work hardening results in an
increase in the ﬂow stress of 0.29 GPa for work-hardened OFC compared to the
ﬂow stress of the annealed OFC at 1% plastic strain. This indicates that materials
with smaller ‘ are harder, and require greater loads to create the same contact area.
This is consistent with both the experimental behavior and anticipated behavior of
the constitutive description, which dictates that the additional amount of hardening
during deformation increases as ‘ increases.
Furthermore, the material length of work-hardened OFC is close to the conventional plasticity limit (i.e. ‘ ¼ 0), indicating that the size eﬀect in work-hardened
OFC is not signiﬁcant as compared to that in annealed OFC. This is supported by
the ISE results presented in Fig. 4. At Dp > 1000 mm the measured hardness for the
annealed OFC is still decreasing with increasing Dp and has not yet reached a plateau value corresponding to a macroscopic hardness (Ho ), whereas at Dp > 400 mm
the measured hardness for cold-worked OFC reaches a value with no further
decrease in hardness and corresponds to a macroscopic hardness of
Ho ¼ 0:87 GPa. Thus, for OFC with this degree of cold-work, very little additional
work hardening occurs during indentation. This observation is also supported by
the hardness results for the annealed iridium presented in Fig. 3, where the value of
Ho is somewhat overestimated. Even at Dp > 3500 mm, the measured hardness is

Fig. 3. Indentation size eﬀect in annealed iridium measured with spherical indenters (Swadener et al.,
2002a): comparison of experiments at ! ¼ 0:025 (p ¼ 1%) with the proposed model and Swadener et al.’s
model.
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still decreasing with increasing Dp and has not yet reached a plateau value corresponding to Ho . One can thus conclude that the size eﬀect is more signiﬁcant in
annealed specimens than in cold-worked specimens. Therefore, the indentation size
eﬀect is expected to be inﬂuenced by prior dislocations and the additional work

Fig. 4. Indentation size eﬀect in oxygen-free copper (OFC) measured with spherical indenters (Lim et al.,
1998; Lim and Chaudhri, 1999): comparison of experiments at ! ¼ 0:025 (p ¼ 1%) with the proposed
model and Swadener et al. (2002a,b) model: (a) annealed OFC; (b) work-hardened OFC.
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Table 2
Values of the material length-scale parameter ‘ from the ﬁtted micro- and nano-indentation experiments
Material

Spherical indenter at p ¼ 0:01
Ho
(GPa)

Annealed irridium
0.85 0.90
(Swadener et al. 2002a,b)
Annealed OFC
0.88 0.12
(Lim et al. 1998;
Lim and Chaudhri, 1999)
Work-hardened OFC
0.80 0.87
(Lim et al. 1998;
Lim and Chaudhri, 1999)

Pyramidal indentera at p ¼ 0:07

D
(mm)



‘ ¼ D =
(mm)

Ho
(GPa)

h
(mm)

&

‘ ¼ h =&
(mm)

52.0

100

0.52

2.5

0.226

1.3

0.17

79.0

100

0.79

0.44

0.486

1.3

0.37

100

0.001

0.87

0.017

1.3

0.013

0.114

a
Note that the superimposed bar, which is used to distinguish conical/pyramidal parameter from
spherical, has been removed.

hardening that occurs during indentation, which is compensated for by using the
interaction coeﬃcient . This is further elaborated in Section 5.
As shown in Figs. 3 and 4, predictions from the Swadener et al. (2002a,b) model
overestimates hardness for small values of Dp . This discrepancy can be largely corrected by changing the value of the interaction coeﬃcient , which is equal to 2 in
Swadener et al. model. The interaction coeﬃcient compensates for the proper
coupling between the SSDs and GNDs during indentation. This coeﬃcient may
resolve a number of discrepancies if addressed properly. Therefore, the most likely
source of impediment in the Swadener et al.’s model is due to the assumption that
the SSD and GND densities are coupled in a linear sense (i.e. obstacles are of a
similar strength).
In addition, Nix and Gao (1998) interpreted the ISE as an increase in the hardness
values with decreasing in the depth of indentation, while Swadener et al. (2002a)
showed a dependence of hardness on the diameter of the indenter rather than on the
depth of indentation. This controversy in interpreting the ISE is explained earlier in
this work (see Table 1). It is shown that the ISE in spherical indenters can still be
interpreted as an increase in hardness with decreasing indentation depth, or equivalently with increasing contact radius, which is given by Eqs. (43) and (33). This is
clearly demonstrated in Fig. 5 for the three sets of indentation data (obtained at
! ¼ 0:025) associated with annealed iridium, and annealed and work-hardened
OFC. The experimental data in Fig. 5(a) and (b) are ﬁtted very well by our model
given by Eqs. (43) and (33) with c ¼ 0:4, r ¼ 2, q ¼ 1, and the corresponding ‘
values are given in Table 2. With conﬁdence, one may thus conclude that the ISE is
interpreted as a decrease in the hardness with increase in the indent size for various
indenter geometries.
Lim and Chaudhri (1999) and Swadener et al. (2002a,b) have conducted an
experimental investigation of indentation size eﬀect using pyramidal indenters on
OFC and iridium, respectively. One can estimate the material length parameter ‘
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from those hardness results by following the procedure that is brieﬂy outlined above
[see Eqs. (46)–(48) and Table 1] and thoroughly described in Abu Al-Rub and
Voyaidjis (in press) for identiﬁcation of ‘ obtained from conical/pyramidal indentation tests. The hardness results obtained from nano- and micro-indentations using,

Fig. 5. Indentation size eﬀect in iridium and oxygen-free copper measured with spherical indenters (Lim
et al., 1998; Lim and Chaudhri, 1999; Swadener et al., 2002a): comparison of experiments at ! ¼ 0:025
(p ¼ 1%) with the proposed model: (a) hardness versus indentation depth [Eq. (43)]; (b) hardness versus
contact radius [Eq. (33)].
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Fig. 6. Indentation size eﬀect in annealed iridium measured with a Berkovich indenter (Swadener et al.,
2002a) and comparison of experiments with the proposed model and Nix and Gao (1998) model. D and *
designate microhardness and nanohardness data, respectively.

respectively, Berkovich and Vickers indenters
in Figs. 6 and 7. Also in
 are plotted

 =H
 o versus h  =2 and the Nix and
these ﬁgures, plots of the present model as H
p
 o , h , used to ﬁt the
Gao (1998) model predictions are shown. The values of H
experimental results are shown in these ﬁgures. The prediction of our model agrees
well with the micro- and nano-hardness data, while the Nix and Gao (1998) model
prediction diverges signiﬁcantly from the nano-hardness results for h p < 1 mm. This
conﬁrms that the inclusion of the interaction coeﬃcient largely corrects the discrepancy in Nix and Gao’s model prediction. If an intrinsic lattice stress is included,
as suggested by Qui et al. (2001), or an additional hardness term is added, as suggested by Swadener et al. (2002b), they provide only a marginal improvement of
predictions of the Nix and Gao (1998) model.
The dimensionless parameter  ¼ 1:343 is calculated using Eq. (48)2 assuming that
c ¼ 0:2 (corresponds to 7% eﬀective plastic strain as reported by Johnson, 1970),
the Nye factor r ¼ 2 (Arsenlis and Parks, 1999), and tan ¼ 0:358 (McClintock and
Argon, 1966). The calculation of ‘ , therefore, depends strongly on the material
parameters c and r. The resulting values for the material intrinsic length-scale, outlined in Table 2, are in the range of sub micrometers. This conﬁrms well with the
observations of Begley and Hutchinson (1998), Nix and Gao (1998), Stolkend and
Evans (1998), and Yuan and Chen (2002). Moreover, one can note that ‘ for the
cold-worked sample is smaller than the value for the annealed sample, indicating
that spacing between statistically stored dislocations is reduced in the hardenedworked material. However, it can be seen from Fig. 7(a) and (b) that for low
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indentation depths of 150–200 nm, the nano-hardness values of both the work-hardened and the annealed OFC are almost the same (Lim and Chaudhri, 1999). This
may indicate that at small indentation depths, the size of the nucleated dislocation
cells (i.e. patterns), which can be assumed proportional to the mean free path of
dislocations (LS ), are the same for both work-hardened and annealed OFC. Hence,

Fig. 7. Indentation size eﬀect in oxygen free copper (OFC) measured with (D) Vickers and (*) Berkovich
indenters (Lim et al., 1998; Lim and Chaudhri, 1999) and comparison of experiments with the proposed
model and Nix and Gao (1998) model: (a) anealed OFC; (b) work-hardened OFC.
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the length scale measures, which control the indentation size eﬀect in both workhardened and annealed OFC, at these small indents are expected to be the same.
Thus, the shear stresses required for nucleation and expansion of these dislocation
cells, or equivalently the nano-hardness values [Eq. (22)1], are the same. Also, at
those indents the prior dislocation densities have little eﬀect on the nano-hardness
values or the material length parameter. However, for h p > 200 nm it can be seen
from Fig. 7 that the nano-hardness for both work-hardened and annealed OFC
decreases gradually but, for all indentation depths, the nano-hardness of the
worked-hardened OFC is larger than that of the annealed OFC. Accordingly, the
length scale measures for both work-hardened and annealed OFC at h p > 200 nm
are diﬀerent. However, ‘ for the latter is bigger than that of the former indicating
that the interaction of the nucleated dislocation patterns with prior dislocations
becomes signiﬁcant. This suggests that the length scale parameter depends on the
plastic strain level as suggested by Aifantis (1999) and Abu Al-Rub and Voyiadjis (in
press), as well as on the prior dislocation density. This will be discussed thoroughly in
Section 5.
It can be seen from the results presented in Figs. 3–7 that as the indentation size
becomes much larger than the material-length scale parameter, the gradient eﬀects
become smaller and the corresponding hardness does not exhibit any indentation
=2
size eﬀect. Moreover, the linearity of the data when plotted as ðH=Ho Þ versus h
p
with diﬀerent values of
implies that a linear addition law of S and G is

Fig. 8. Correlation of the indentation size eﬀect in annealed irridium measured with a spherical indenter
at ! ¼ 0:025 (D), correlated from a Berkovich indenter Eq. (55) (&) (data from Swadener et al., 2002a),
and comparison of experiments with the proposed model Eq. (37) (dotted line).
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inappropriate at the micro- and nano-scales. Recently, Zaiser and Aifantis (2003)
adapted this simple linear addition law to derive a gradient plasticity law based on
dislocation dynamics and concluded that GND density does not simply add up to
the SSD density, which conﬁrms our ﬁnding.

Fig. 9. Correlation of the indentation size eﬀect in oxygen-free copper (OFC) measured with a spherical
indenter at ! ¼ 0:025 (D), correlated from Vickers (^) and Berkovich (&) indenters Eq. (55) (data from
Lim et al., 1998; Lim and Chaudhri, 1999), and comparison of experiments with the present model Eq.
(37) (dotted line): (a) annealed OFC; (b) cold-worked OFC.
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4. On the correlation of hardness from spherical and pyramidal experiments
Hardening aﬀects both the conical/pyramidal hardness and the spherical hardness,
but in a diﬀerent manner. Johnson (1970) has shown that the hardness measured by
a Berkovich or a Vickers indenter corresponds to an eﬀective plastic strain of 7%
(i.e. at p ¼ 0:07), while the hardness values measured by spherical indenters are
determined at an eﬀective plastic strain of 1% (i.e. at p ¼ 0:01). However, a correlation of the indentation size eﬀect measured with the two indenter geometries
(spherical and conical/pyramidal) can be determined by equating the hardness
values evaluated from each indenter. The purpose of this section is therefore to bring
hardness values measured by a conical indenter into the range of a spherical hardness data. Therefore, we seek a relation between the diameter of a spherical indenter,
Dp , and the indentation depth of a conical/pyramidal indenter, hp . By requiring that
the hardness measured by the spherical indenter [i.e. H given by Eq. (37)] and that of
 given by Eq. (46)] be the same, one can easily
a conical/pyramidal indenter (i.e. H
show that Dp and hp are related as follows:
Dp ¼ 2 D

h

1



 =2
þ h =2 h p

i2=

ð51Þ

 o is a macroscopic parameter expressed as the ratio of the spherical
where  ¼ Ho =H
macroscopic hardness to that of the conical/pyramidal indenter. Note that the
interaction coeﬃcient is assumed to be the same for the two indenter geometries
when the hardness value is the same (this assumption is concluded by ﬁtting our
model with the experimental results in Figs. 3 and 6 and Figs. 4 and 7). Yet, Eq. (51)
is not satisfactory in obtaining Dp from the measured hp since a relation between D
and h is required.
The macroscopic parameter  can be obtained from Eqs. (40) and (47) along with
the eﬀective plastic strain which is given by p ¼ c! for the case of pyramidal indenters and p ¼ ctan for the case of spherical indenters, such that:
 ¼ ðp=p Þ1=m

ð52Þ

p and p can also be expressed in terms of the SSD density, S , by using Eq. (17).
Furthermore, by assuming that the mean free path between SSDs (LS ) is inversely
pﬃﬃﬃﬃﬃ
proportional to the square root of the density of SSDs (i.e. LS / 1= S ) and making use of Eq. (20) in order to express LS in terms of ‘ or ‘ , one can write a relation
between the material lengths of conical/pyramidal and spherical indenters, ‘ and ‘ ,
respectively, as follows:
‘ ¼ m ‘

ð53Þ

Making use of Eqs. (38) and (39) for expressing ‘ in terms of D (i.e. ‘ ¼ D =)
and Eqs. (48)1 and (48)2 for expressing ‘ in terms of h (i.e. ‘ ¼ h = ) along with
Eqs. (52) and (53), one obtains a relation between D and h as follows:
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D ¼

 
4 c 2 
h
3 c!

ð54Þ

By substituting D given by the above equation into Eq. (51), one obtains a relation
that can be used to estimate Dp for a spherical indent from a measured hp value of a
conical/pyramidal indent, such that:
 
i2=

4 c 2 h
=2
1   h  =2 þ h 
ð55Þ
Dp ¼
p
3 c!
Hence, the above equation can be used to bring the hardness values measured
with a pyramidal indenter into the range of the spherical data by knowing h and
that are calibrated from the pyramidal hardness experimental data with the aid of
Eqs. (46)–(48). Fig. 8 shows this correlation for annealed iridium by using Eq. (55)
and plotting the hardness measured by spherical indenters (Swadener et al., 2002a)
at ! ¼ 0:025. From Table 2, the values c ¼ 0:4, c ¼ 0:2, ¼ 0:85,  ¼ 0:36, and
h ¼ 0:226 mm are used to ﬁnd the Dp value that corresponds to h p measured by the
Berkovich indenter. Moreover, the proposed correlation agrees very well with the
predictions of our model, Eq. (37), given D ¼ 52 mm and ¼ 0:85 as listed in
Table 2, which corroborates the proposed correlation.
The above correlation, Eq. (55), is also applied to the results obtained by Lim et
al. (1998; Lim and Chaudhrie, 1999) for spherical and pyramidal indentation of
OFC, which were presented in Figs. 4 and 7 for ! ¼ 0:025. The values of the parameters to be used in Eq. (55) are as outlined in Table 2 for both annealed and workhardened OFC. It can be seen from Fig. 9 that the proposed correlation brings the
spherical and pyramidal indenter results into agreement. In addition, using the
values of Ho , D , and for OFC from Table 2, we show in Fig. 9 that the hardness
predicted by Eq. (37) agrees well with the correlated results. Note that the proposed
model with the interaction coeﬃcient agrees well with micro-hardness results, as
well as with the nano-hardness results.

5. Discussion
It was noted from previous results, which are summarized in Table 2, that the
hardest materials have the smallest values of ‘; the material intrinsic length of the
work-hardened (hard) OFC is much smaller than that of the annealed (soft) OFC. A
similar observation has been emphasized by Begley and Hutchinson (1998), Nix and
Gao (1998), Stolkend and Evans (1998), Yuan and Chen (2002), and recently by
Abu Al-Rub and Voyiadjis (in press). In addition, the calibrated values of ‘ from
spherical indentation are diﬀerent than those from pyramidal indentation. ‘ was
determined at a speciﬁc plastic strain level of 0.01 in the case of spherical indentation
and 0.07 in the case of pyramidal indentation. However, it was found that ‘ from
spherical indentation are smaller than those from pyramidal indentation (see
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Table 2), except for those of work-hardened OFC that exhibits less ISE. This suggests that ‘ generally decreases as the plastic strain level increases as was also
assumed by Aifantis (1999) and Abu Al-Rub and Voyiadjis (in press). This reﬂects
the decrease of the gradient inﬂuence with the increase of the eﬀective plastic strain;
corresponding to the gradual failure of microstructural plastic deformation carriers.
Furthermore, this is consistent with the fact that the free slip distance LS of dislocations decreases with hardness increase and that ‘ is related to LS , which conﬁrms the ﬁnding in Eq. (20) that reveals that ‘ is proportional to LS . In fact, Gracio
(1994) speculated that in copper, LS decreases when the plastic strain increases and
being equal to the grain size at the beginning of the deformation, and saturating
towards values on the order of micrometer after a strain of only about 0.1. Moreover, Begley and Hutchinson (1998) showed that ‘ has diﬀerent values for diﬀerent
hardening exponents m. Stolken and Evans (1998) also showed that ‘ does not
change if m is constant. Aifantis and his co-workers (1999) proposed a phenomenological relation for the gradient coeﬃcient as a function of the plastic strain and m.
The suggestions of these authors are conﬁrmed by the results in the previous sections, where the results showed a dependence of ‘ on the plastic strain level, as well
as on the hardening level. The hardening exponents are m ¼ 8:9, m ¼ 2, and m !
1 for the annealed iridium, annealed and work-hardened OFC, respectively. It can
be seen from Table 2 that ‘ is the highest for the annealed OFC, followed by that of
annealed iridium, and ﬁnally that of work-hardened OFC. Thus, one concludes that
as m decreases ‘ increases; that is, the material intrinsic length-scale increases as the
amount of additional work-hardening after deformation increases.
Gracio (1994) approximated the evolution of mean dislocation spacing LS with
the following equation:
LS ¼

d
 þ d p1=m

ð56Þ

where d is the grain size, and  is a constant coeﬃcient on the order of 1:0 mm. Thus,
from Eq. (20)1, one can write ‘ in terms of the grain size d and the eﬀective plastic
strain p as follows:


‘¼

h d
 þ d p1=m

ð57Þ

It is worth noting that the above expression includes the case of a constant ‘ when
p ¼ 0, such that ‘ is proportional to the grain size d (i.e. ‘ ¼ 
h d when p ¼ 0). In
order to conﬁrm the above conclusions, the ISE can be plotted for diﬀerent plastic
strain levels (i.e. diﬀerent values of ! ¼ ap =Dp if using the spherical indenter or of
tan ¼ hp =ap if using the pyramidal indenter). Fig. 10(a) shows the ISE for annealed
iridium by spherical indenters (Swadener et al., 2002a) for ! ¼0.025, 0.05, 0.075, 0.1
(or for eﬀective plastic strains of 0.01, 0.02, 0.03, 0.04, respectively), which are ﬁtted
by Eq. (37). With the aid of Eqs. (38) and (39), one can estimate ‘ for each !, such
that the variation of ‘ with the eﬀective plastic strain is shown in Fig. 10(b). Similarly, Fig. 11(a) shows the ISE for annealed OFC by spherical indenters (Lim et al.,
1998; Lim and Chaudhri, 1999) for !=0.025, 0.05, 0.01, 0.15 (or for eﬀective plastic
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strains of 0.01, 0.02, 0.04, 0.06, respectively). The intrinsic material length-scale can
then be assumed to decrease from an initial value ‘o at yield to a ﬁnal value of ‘ !
0 at saturation (corresponds to the conventional plasticity limit) at a rate characterized by a constant coeﬃcient k1 , such that:

Fig. 10. The indentation size eﬀect in annealed iridium: (a) measured with a spherical indenter at ! ¼
0:025 (&), ! ¼ 0:05 (^), ! ¼ 0:075 (D), ! ¼ 0:1 (*) (data from Swadener et al., 2002a,b), and comparison of experiments with the present model Eq. (37) (solid lines); (b) variation of intrinsic material lengthscale (‘) and the interaction coeﬃcient ( ) with the eﬀective plastic strain (p), and comparisons with the
corresponding Eqs. (58) and (59), respectively.
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‘ ¼ ‘o expðk1 pÞ
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ð58Þ

This two-parameter function is thought to give enough freedom for the evolution of
the material intrinsic length-scale, and is consistent with the experimental trends presented in Figs. 10(b) and 11(b). The coeﬃcient k1 is characterized by the hardening

Fig. 11. The indentation size eﬀect in annealed oxygen-free copper: (a) measured with a spherical indenter
at ! ¼ 0:025 (*), ! ¼ 0:05 (D), ! ¼ 0:1 (&), ! ¼ 0:15 (^) (data from Lim et al., 1998; Lim and
Chaudhri, 1999), and comparison of experiments with the proposed model Eq. (37) (solid lines); (b) variation of intrinsic material length-scale (‘) and the interaction coeﬃcient ( ) with the eﬀective plastic
strain (p), and comparisons with the corresponding Eqs. (58) and (59), respectively.
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exponent m. In addition, the case of a constant length-scale ‘ ¼ ‘o at yield (p ¼ 0)
indicates that size eﬀect is present even in the elastic domain, where ‘ ¼ ‘o corresponds to the eﬀect of prior dislocation density, which can be a combination of S
and G , that is nucleated during the specimen preparation. For instance, in tensile
tests the decrease in the initial yield stress with size (Stolken and Evans, 1998) could
be explained by the presence of initial gradients inherited in the material structure
due to prior dislocation density, whose magnitudes are scaled by ‘o . On the contrary, the phenomenological expression assumed by Aifantis (e.g. see Tsagrakis and
Aifantis, 2002; Konstantinidis and Aifantis, 2002) for the gradient coeﬃcient /
pð1=mÞ1 suggests that ‘ ¼ 0 when p ¼ 0, and consequently it cannot explain the size
eﬀect on the yield point. On the other hand, k1 determines the rate at which the size
eﬀect starts to diminish toward the conventional plasticity limit. From Figs. 10 and 11,
it can be seen that k1 depends on the work-hardening level in the material through
the hardening exponent m, where k1 for annealed iridium of m ¼ 8:9 is bigger than
that of annealed OFC of m ¼ 2. Thus, k1 increases as m decreases. Moreover, it is
worth to mention that Pamin (1994) showed that the dependence of ‘ on the deformation level is necessary for the stability of the numerical implementation of the
gradient-type theories.
Similar argument to that of the length-scale parameter can be concluded for the
interaction coeﬃcient , such that the following evolution can be assumed:
¼

o expðk2

pÞ

ð59Þ

Figs. 10(b) and 11(b) show reasonable ﬁts of the above expression to the calibrated values. It can be seen that the smaller the interaction coeﬃcient the more
signiﬁcant the interaction between SSDs and GNDs.
Clearly, numerical experiments of the indentation problem are required to verify
those ﬁndings. Examples of two-diemensional verses three-diemensional indentation
simulations can be found in a recent work by Muliana et al. (2002). In addition,
numerical examples showing the eﬀectiveness of the proposed equations in capturing
the size dependent behavior as compared to the experimental results are required.
Examples for such problems are micro-bending of thin beams, micro-torsion of thin
wires, growth of microvoids, shear bands, and rate-dependent micro- and nanoindentation of thin ﬁlms. However, this is not the subject of this study and will be
addressed in a forthcoming work by the authors.

6. Conclusions
While such an increasing interest in gradient-enhanced theories can be understood
in view of the aforementioned remedies they provide, actual experiments for the
direct measurement of the material intrinsic length parameter introduced by the
phenomenological gradient coeﬃcients are lacking. When considering the microstructure with localization zones, gradient-dependent behavior is becoming important once the length-scale associated with the local deformation gradients becomes
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suﬃciently large when compared with the characteristic dimension of the system. It
follows that such experiments could be diﬃcult to design and interpret.
However, this paper provides an extended eﬀort in this direction, where we discuss
the issue of size eﬀect and the analytical and experimental calibration of the strain
gradient theory. A micromechanical model that assesses a nonlinear coupling
between the statistically stored dislocations (SSDs) and the geometrically necessary
dislocations (GNDs) is used in bridging the gap between the macromechanical
plasticity and the micromechanical plasticity. Based on this proposed bridging an
analytical expression is derived for the deformation-gradient-related intrinsic lengthscale parameter ‘ in terms of measurable microstructural physical parameters. This
is done through the use of the gradient theory to bring closer together the microstructural (described by the Taylor’s hardening law) and continuum (described by
the strain-hardening power law) descriptions of plasticity. As a result ‘ is deﬁned in
terms of the average distance between statistically stored dislocations LS (characterizes the characteristic length of plasticity phenomenon), the Nye factor r
(characterizes the microstructure dimension such as the grain size, grain boundary
 (charthickness, obstacle spacing and radius), the Schmidt’s orientation factor M
acterizes the lattice rotation), the Burgers vector b (characterizes the displacement
carried out by each dislocation), and the empirical constant (characterizes the
deviation from regular spatial arrangement of the SSD or GND populations).
In addition, the identiﬁcation of the intrinsic material length scale from microand nano-indentation experiments is carried out. We showed, in particular, that
gradient plasticity models can be used for the interpretation of size eﬀect experiments in micro- and nano-indentation when using pyramidal and spherical indenters. In fact, the aforementioned gradient models are calibrated by ﬁtting the
corresponding length-scale parameter to the experimental data. Micro- and nanoindentation tests can thus be used for the experimental determination of the gradient
length-scale parameter. The ISE in hardness experiments by pyramidal and spherical
indenters is interpreted in such a way that the eﬀective plastic strain should be constant. The ISE in spherical indentation can still be interpreted as an increase in
hardness with decreasing indentation depth, or equivalently with increasing contact
radius, as interpreted by the Nix and Gao (1998) model for pyramidal indentation.
We have also been able to correlate reasonably successfully the nano- and microhardness from spherical and pyramidal indenters.
Materials with smaller ‘ are harder and require greater loads in order to create the
same contact area, which dictates that the additional amount of hardening during
deformation increases as ‘ increases. Thus, the hardest materials have the smallest
values of ‘. It is concluded that the size eﬀect is more signiﬁcant in annealed specimens than in cold-worked specimens. Therefore, the indentation size eﬀect is
expected to be inﬂuenced by both prior dislocations and the additional work hardening that occurs during indentation.
The Nix and Gao (1998) model and the Swadener et al. (2002a,b) model predictions deviate from the hardness experimental results, at small depths for the case of
conical/pyramidal indenters and at small diameters for the case of spherical indenters. This deviation can be largely corrected by utilizing a proper value for the
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interaction coeﬃcient , which compensates for the proper coupling between
1=
the SSDs and GNDs during indentation such that T ¼ S þ G
. Therefore, the
most likely impediment in the Nix and Gao (1998) model and Swadener et al.
(2002a,b) model is the assumption that the SSD and GND densities are coupled in a
linear sense, such that T ¼ S þ G ; i.e. the ideal assumption of all the obstacles
being equally strong and equally spaced along a straight or curved contacting line.
However, the real situation in experiments suggests that the hardening law cannot
be taken as a simple sum of the densities of SSDs and GNDs. Furthermore, it is
shown that the smaller the interaction coeﬃcient , the more signiﬁcant the interaction between SSDs and GNDs. In addition, the introduction of the interaction
coeﬃcient into the mechanism-based plasticity constitutive models introduces an
initial insight toward extending the strain-gradient plasticity theories to include size
eﬀects on the nano-scale.
The experimental results showed that the intrinsic material length-scale ‘ and the
interaction coeﬃcient are not constant and evolve with deformation. Evolution
laws have been proposed for ‘ and in terms of the plastic strain. These laws suggest that the material ‘ and decrease with increasing plastic strain. The eﬀect of
initial dislocation density that is nucleated during the specimen preparation is
incorporated in these laws.
However, additional experimental measurements and numerical investigations are
needed to fully verify the proposed procedure for the identiﬁcation of the material
intrinsic length-scale ‘. Moreover, more studies are needed to identify the lengthscale measures associated with the damage and fracture mechanisms. Therefore, no
one yet may claim the ﬁnal determination of the actual material intrinsic length-scale
due to the lack of experimental procedures to do so and the lack of solid physical
interpretations of the material intrinsic length-scale. Therefore, this is still an open
question to researchers: What is the physical interpretation of the material intrinsic
length-scale?
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