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ABSTRACT
The enhanced gradient plasticity theories formulate a constitutive framework on the
continuum level that is used to bridge the gap between the micromechanical plasticity and the classical continuum plasticity. The later cannot predict the size effects
since it does not posses an intrinsic length scale. To assess the size effects, it is indispensable to incorporate an intrinsic material length parameter `into the constitutive
equations. However, the full utility of gradient-type theories hinges on one’s ability
to determine the constitutive length-scale parameter ` that scales the gradient effects.
Thus, the definition and magnitude of the intrinsic length scale are keys to the development of the new theory of plasticity that incorporates size effects. The classical
continuum plasticity is also unable to predict properly the evolution of the material
flow stress since the local deformation gradients at a given material point are not accounted for. The gradient-based flow stress is commonly assumed to rely on a mixed
type of dislocations: those that are initially randomly or statistically distributed,
which are referred to as statistically stored dislocations (SSDs), and those formed
to account for the additional strengthening mechanism associated with the deformation gradients, which are referred to as geometrically necessary dislocations (GNDs).
In this work two micromechanical models to assess the coupling between SSDs and
GNDs are discussed. One in which the SSDs and GNDs are simply summed (modelI) and one in which, implicitly, their accompanying strength are added (model-II).
These two dislocation interaction models, which are based on Taylor’s hardening law,
are then used to identify the deformation-gradient-related intrinsic length-scale parameter ` in terms of measurable microstructural physical parameters. The paper
also presents a method for identifying the material intrinsic length parameter ` from
micro hardness results obtained by conical or pyramidal indenters.
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1. INTRODUCTION
Experimental work on particle-reinforced composites has revealed that a substantial increase
in the macroscopic flow stress can be achieved
by decreasing the particle size while keeping
the volume fraction constant [1–7]. A similar
strengthening effect associated with decreasing
the diameter of thin wires in microtorsion tests
and thickness of thin beams in microbending
tests has been reported by Fleck et al. [8] and
Stolken and Evans [9], respectively. Moreover,
micro- and nanoindentation tests have shown
that the material hardness increases with decreasing indentation size [10–14]. These experiments have shown an increase in yield strength
with decreasing size at the micron and submicron scales. The mechanical properties, such
as flow stress or hardness, in metallic materials whether in simple tension, torsion, bending,
or indentation testing, are size dependent. The
classical continuum plasticity theory [15] cannot predict this size dependency. On the other
hand, it is still not possible to perform quantum
and atomistic simulations on realistic time and
structures. Moreover, the emerging area of nanotechnology exhibits important differences that
result from continuous modification of characteristics with changing size. These differences
cannot be explained by traditional models and
theories. Much is known about the physical
properties and behavior of isolated molecules
and bulk materials; however, the properties
of matter at the nanoscale cannot necessarily
be predicted from those observed at larger or
smaller scales. However, this problem can be
resolved by regularizing or adding an intrinsic
material length scale to the continuum. A continuum plasticity theory (but not classical plasticity), therefore, is needed to bridge the gap between the classical continuum plasticity theory
and the classical dislocation mechanics.
In the last ten years, a number of authors
have physically argued that the size depen-
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dence of the material mechanical properties results from an increase in strain gradients inherent in small localized zones, leading to geometrically necessary dislocations that cause additional hardening [8, 10-12, 16]. Material deformation in metals enhances the dislocation formation, motion, and storage. Dislocation storage causes material hardening. The stored dislocations, generated by trapping each other in
a random way, are referred to as statistically
stored dislocations (SSDs), while the stored dislocations that relieve the plastic deformation
incompatibilities within the polycrystal caused
by nonuniform dislocation slip are called geometrically necessary dislocations (GNDs); their
presence causes additional storage of defects
and increases the deformation resistance by acting as obstacles to the SSDs [17]. SSDs are believed to be dependent on the equivalent plastic strain, while the density of GNDs is directly proportional to the gradient of the equivalent plastic strain [16, 18, 19]. During the last
decade, the so-called strain gradient plasticity
theories have been modified based on the concept of geometrically necessary dislocations in
order to characterize the size effects. A length
scale enters into the theory, but the discrete dislocation origin is rarely clear and its value is a
free parameter.
The enhanced gradient plasticity theories
with length scales formulate a constitutive
framework on the continuum level that is used
to bridge the gap between different physical
scale levels while it is still not possible to perform quantum and atomistic simulations on
realistic time and structures [20]. This will
reduce the computational cost, the prototyping costs, and time to the market. A variety
of different gradient-enhanced theories are formulated in a phenomenological manner to address the aforementioned size effects through
incorporation of intrinsic length-scale measures
in the constitutive equations, mostly based on
continuum-mechanics concepts. Moreover, the
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gradient theories are nonlocal in the sense that
the interstate variable at any location within a
solid does not depend only on the state at that
location, as in conventional plasticity theory,
but also on the state at any other point within
the solid. Gradient approaches typically retain
terms in the constitutive equations of higherorder gradients with coefficients that represent
length-scale measures of the deformation microstructure associated with the nonlocal continuum. Aifantis [21] was one of the first to
study the gradient regularization in solid mechanics. The gradient methods suggested by
Lasry and Belytschko [22] and Mühlhaus and
Aifantis [23] provide an alternative approach
to the nonlocal integral equations [24–26]. The
gradient terms in several plasticity models are
introduced through the yield function [7, 8, 17,
19, 21, 23, 27, 28]. The gradient concept has
been extended to the gradient damage theory
that has been developed for isotropic damage
[29] and for anisotropic damage [30–34]. The
gradient plasticity theories have given reasonable agreements with the aforementioned size
dependence encountered in composite material experiments [19, 35–39], micro- and nanoindentation experiments [17, 40–45] as well
as with the microbend and microtwist experiments [17, 46]. There are also many gradientenhanced models that were proposed as a localization limiter, i.e., in order to avoid a spurious
solution of the localization problems and excessive mesh dependence in conventional plasticity [21–23, 27, 31–34, 47, 48].
Although there has been a tremendous theoretical work to understand the physical role
of the gradient theory, this research area is still
in a critical state with numerous controversies.
Moreover, most of the computational applications of gradient theories focus on the qualitative behavior rather than both the qualitative and quantitative behaviors. This is due,
to some extent, to the difficulty in calibration
of the different material properties associated
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with the gradient-dependent models, which is
impossible for certain cases, but, more importantly, have been due to the difficulty of carrying out truly definitive experiments on critical aspects of the evolution of the dislocation, crack, and void structure. Furthermore,
it is believed that the calibration of the constitutive coefficients of a gradient-dependent
model should not only be based on stressstrain behavior obtained from macroscopic mechanical tests, but should also draw information from micromechanical gradient-dominant
tests, such as micro- and nanoindentation tests,
microbend tests, and/or microtorsion tests,
accompained by metallographic studies and
stereology-based quantification methods using
tomography images. However, indentation experiments are more attractive because they are
the most controllable method to examine the
plastic behavior of metals under the indenter [49]. From dimensional consideration, in
gradient-type plasticity theories, length scales
are introduced through the coefficients of spatial gradients of one or more internal variables.
Hence the full utility of the gradient-based
models in bridging the gap between modeling, simulation, and design of products hinges
on one’s ability to determine the constitutive
length parameter that scales the gradient effects. The work we report here aims at remedying this situation.
Micro- and nanoindentation are widely used
experimental methods to probe mechanical
properties of materials at micron or submicron
scales. As opposed to the nonuniform deformation encountered by indentation tests, the
material properties of gradient theories cannot
be effectively determined using a typical tension test, where uniform deformation is encountered. The study of Begley and Hutchinson [42] and Shu and Fleck [41] indicated that
indentation experiments might be the most effective test for measuring the length-scale parameter `. However, it appears that few re-
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searchers have considered the identification of
the material intrinsic length-scale ` of gradientenhanced theories from measurements of indentation tests. Nix and Gao [40] estimated
the material length-scale parameter ` from the
microindentation experiments of McElhaney et
al. [13] to be ` = 12 µm for annealed single crystal copper and ` = 5.84 µm for coldworked polycrystalline copper. Yuan and Chen
[44] proposed that the unique intrinsic material
length parameter ` can be computationally determined by fitting the Nix and Gao [40] model
from microindentation experiments and they
have identified ` to be ` = 6 µm for polycrystal copper and ` = 20 µm for single crystal copper. By fitting microindentation hardness data, Begley and Hutchinson [42] have estimated that the material length scale associated with the stretch gradients ranges from 0.25
to 0.5 µm , while the material lengths associated with rotation gradients are on the order of
4.0 µm. Other tests also have been used to determine `. Based on Fleck et al. [8] microtorsion test of thin copper wires and Stolken and
Evans [9] microbend test of thin nickel beams,
the material length parameter is estimated to be
` = 4 µm for copper and ` = 5 µm for nickel.
When considering the microstructure with localization zones, gradient-dependent behavior
is expected to play an important role once the
length scale associated with the local deformation gradients become sufficiently large when
compared with the controlling microstructural
feature (e.g., mean spacing between inclusions
relative to the inclusion size when considering
a microstructure with dispersed inclusions, size
of the plastic process zone at the front of the
crack tip, the mean spacing between dislocations, the grain size, etc.). All the aforementioned gradient plasticity theories degenerate
to classical plasticity when the controlling microstructural feature becomes much larger than
the intrinsic material length scale `. Therefore, the transition from the discrete dislocation
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structure to a continuum description is possible
when the length scale is sufficiently large compared to the characteristic length of the dislocation distribution. However, there is still a fundamental issue that needs to be resolved first:
how to retain the length scale from the characteristic discrete dislocation scale in the continuum description? In spite of the fact of the
crucial importance of the length-scale parameter in gradient theory of plasticity, very limited work focused on the physical origin of this
length scale. In this work we are aiming at remedying this situation by finding this parameter
from a set of dislocation mechanics-based considerations. The definition and magnitude of
the length scale are thus keys to the modeling,
simulation, and design of emerging micro- and
nanosystems [20].
Recently, Voyiadjis et al. [34] developed
a general thermodynamic framework for the
analysis of heterogeneous media that assesses a
strong coupling between rate-dependent plasticity and anisotropic rate-dependent damage.
They showed that the variety of plasticity and
damage phenomena at small-scale level dictate
the necessity of more than one length parameter in the gradient description. They expressed
these material length-scale parameters in terms
of macroscopic measurable material properties.
However, this work concerns with the identification of the material intrinsic length-scale parameter ` for gradient isotropic hardening plasticity. This can be effectively done through establishing a bridge between the plasticity at the
micromechanical scale and with the plasticity at
the macromechanical scale [50]. This bridge is
characterized by the gradient theory of plasticity. A constitutive framework is formulated using two micromechanical models that assess, in
a different manner, the coupling between statistically stored dislocations (SSDs) and geometrically necessary dislocations (GNDs). One in
which the SSDs and GNDs are simply summed
(model-I) and one in which, implicitly, their
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accompanying strength are added (model-II).
These two micromechanical models, which are
based on Taylor’s hardening law, are used
to link the strain-gradient effect at the microscopic scale with the stress-strain behavior of an equivalent continuum with homogenized plastic deformation at the macroscopic
level. This constitutive framework yields expressions for the deformation-gradient-related
intrinsic length-scale parameter ` in terms of
measurable microstructural physical parameters. Moreover, we present a method for identifying the material intrinsic length parameter from micro- and nanoindentation tests using conical or pyramidal (e.g., Berkovich and
Vickers) indenters. In addition, there are indications that a constant value of the material
length scale is not always realistic and that different problems could require different values
[46]. The change in length-scale magnitude is
physically sound since the continuous modification of material characteristics with time.
Some authors argued the necessity of a lengthscale parameter in the gradient theories that
change with time in order to achieve an efficient computational convergence while conducting multiscale simulations [51]. An evolution equation has been derived for the lengthscale parameter that shows that the characteristic material length scale decreases with increasing strain rates, but it increases with temperature decrease.
The overall objective of this paper is to help
understand what the basic structure of gradient
plasticity theories should be.
2. ISOTROPIC HARDENING
Many researchers tend to write the nonlocal
weak form of the conventional effective plas_
tic strain p in terms of its local counterpart p
and high-order gradient terms. The following
_
modular generalization of p can then be defined through the modification of that proposed

Volume 2, Number 3, 2004

by Fleck and Hutchinson [19],
1/
p = [pγ + (`η)γ ] γ ,

_

(1)

where ` is a length parameter that is required
for dimensional consistency and whose physical interpretation will be discussed in detail
later in this paper. η is the measure of the effective plastic strain gradient of any order. The
superimposed hat denotes the spatial nonlocal
operator. γ is a constant, which can be interpreted as a material parameter. Equation (1) en_
sures that p → p whenever p >> `η and that
_
p → `η whenever p << `η. Two values of γ
are generally investigated in the literature: (a)
γ = 1 which corresponds to a superposition of
the contributions of the local plastic strain and
the higher-order gradients of the plastic strain
to the flow stress; and (2) γ = 2, which since
the effective plastic strain scales with the norm
of the plastic strain tensor, corresponds to a superposition of the effective plastic strain of the
two types of local and nonlocal parts.
Aifantis [21, 52] used the magnitude of the
gradient of
effective plastic
r the conventional
.
p p
strain p = 2εij εij 3 as a measure of the strain
gradient, with η expressed as follows:
p

η = k∇i pk =

∇k p ∇k p,

(2)

where ∇k designates the gradient operator, and
γ = 1 in this case.
In the work of de Borst and his coworkers [27, 47] the gradient-dependent plasticity
model expresses the flow stress in terms of the
second-order gradient of the effective plastic
strain such that η is expressed as follows:
`η =

p

`∗ ∇2 p,

(3)

where `∗ is the square of a length parameter associated with second-order gradient and ∇2 is
the Laplacian operator, and γ = 2 in this case.

382
Electronic Data Center, http://edata-center.com Downloaded 2005-10-6 from IP 68.105.43.13 by Alexander Judin

In the mechanism-based strain gradient
(MSG) plasticity theory [19, 28, 53], the effective
strain-gradient is defined in terms of the gradient of the plastic strain tensor εpij as follows:
p
`η = c1 ηiik ηjjk + c2 ηijk ηijk + c3 ηijk ηkji (4)
so that γ = 1 and ηijk = ηjik is given as
ηijk = εpki,j + εpkj,i − εpij,k

(5)

c1 , c2 and c3 scale the three quadratic invariants for the incompressible third-order tensor
ηijk , which are determined by matching a series of distinct dislocation models consisting of
plane strain bending, pure torsion, and twodimensional axisymmetric void growth [17,
54], which respectively results in c1 = 0, c2 =
1/4, and c3 = 0, such that Eq. (4) can be written
as
q
(6)
η = 14 ηijk ηijk .
Smyshlyaev and Fleck [55] and Fleck and
Hutchinson [19, 28] have shown that the incompressible strain-gradient tensor ηijk can be decomposed as
ηijk =

3
P
m=1

(m)

ηijk

(7)

with
(1)

S − 1 (δ η S + δ η S + δ η S ) (8)
ηijk = ηijk
ik jpp
jk ipp
5 ij kpp
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In the above equations, δij is the Kronecker
S is
delta, eijk is the permutation tensor, and ηijk
the fully symmetric part of ηijk ,
S
ηijk
=

1
3

(ηijk + ηjki + ηkij ) .

(11)

Fleck and Hutchinson [19, 28] showed that the
effective strain gradient defined in Eq. (4) can
be rewritten by substituting Eqs. (7)–(11) as follows:
v
u
3
u1 X
(m) (m)
η=t 2
`2m ηijk ηijk ,
(12)
`
m=1

±
±
where `21 `2 = c2 + c3 , `22 `2 = c2 − 21 c3 and
±
`23 `2 = 25 c1 + c2 − 41 c3 .

(13)

Substituting c1 = 0, c2 = 1/4, and c3 = 0, as
reported by Gao et al. [17, 54], gives
`1 = `2 = `3 = 21 `

(14)

Fleck and Hutchinson [19] proposed also to determine these three length parameters from microexperiments. Begley and Hutchinson [42]
obtained from fitting their model with the experimental data of bending of ultrathin beams,
torsion of thin wires, and microindentation, the
following values of the length parameters such
that,
`1 = 18 `, `2 = 12 `, and `3 =

q

5
24 `.

(15)

(2)

ηijk = 61 ×
(eikp ejlm ηlpm+ejkp eilm ηlpm+2ηijk−ηjki−ηkij ) (9)

(3)

ηijk = 16 ×
(−eikp ejlm ηlpm−ejkp eilm ηlpm+2ηijk−ηjki−ηkij )
S + δ ηS + δ ηS )
+ 15 (δij ηkpp
ik jpp
jk ipp

(10)

Two models are proposed in the subsequent
sections used to link the strain-gradient effects
at the microscopic scale with the stress-strain
behavior of an equivalent continuum with homogenized plastic deformation at the macroscopic level. This link is described by the aforementioned gradient theory of plasticity, which
is characterized by the general expression defined by Eq. (1).
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2.1 Model-I
Taylor’s hardening law, which that relates the
shear strength to the dislocation density, has
been the basis of the mechanism-based straingradient (MSG) plasticity theory [17, 40, 43,
54]. It gives a simple description of the dislocation interaction processes at the microscale
(i.e., over a scale that extends from about a fraction of a micron to tens of microns). The critical shear stress that is required to untangle the
interactive dislocations and to induce a significant plastic deformation is defined as the Taylor
flow stress (e.g., [12, 17, 49]):
√
τ = αGb ρT ,
(16)
where α is an empirical constant usually ranging from 0.1 to 0.5 [18], G is the shear modulus,
b is the magnitude of the Burgers vector, and ρT
is the total dislocation density due to different
types of dislocations that cause material hardening. If the von Mises flow rule is assumed,
the normal flow stress can then be written as
follows:
√
√
(17)
σ = 3 αGb ρT ,
where σ is the normal flow stress, which is
equivalent to the effective stress. For crystalline
materials (e.g., face-centered-cubic solids), a
more accurate relationship accounting for the
so-called Taylor factor [56] between the tensile
flow stress and critical resolved shear stress in
slip systems is given by σ = 3 τ . The Taylor
factor acts as an isotropic interpretation of the
crystalline anisotropy at the continuum level.
The use of the assumption of isotropy of solids
is imperative since we are seeking a continuum
description of the discrete dislocations scale.
The isotropic hardening law in Eq. (17) is a
continuum property, such as the forest hardening that is inherited from a discrete dislocation
scale.
Generally, it is assumed that the total dislocation density ρT represents the total coupling between two types of dislocations, which
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play a significant role in the hardening mechanism. Material deformation enhances dislocation formation, motion, and storage. As
mentioned dislocation storage causes material hardening. Stored dislocations generated
by trapping each other in a random way are
referred to as statistically-stored dislocations
(SSDs), while stored dislocations required for
compatible deformation within the polycrystal
are called geometrically-necessary dislocations
(GNDs). Their presence causes additional storage of defects and increases the deformation resistance by acting as obstacles to the SSDs [54].
The SSDs are created by homogenous strain
and are related to the plastic strain, while the
GNDs are related to the curvature of the crystal
lattice or to the strain gradients [18, 57]. Plastic strain gradients appear either because of geometry, loading, and/or because of inhomogeneous deformation in the material. Hence,
GNDs are required to account for the permanent shape change. The nonlocal effective plastic strain in Eq. (1) is intended to measure the
total dislocation density that accounts for both:
dislocations that are statistically stored and geometrically necessary dislocations induced by
the strain gradients [17, 28].
Gao et al. [17, 54] and Fleck and Hutchinson [19] expressed the total dislocation density
ρT as the sum of the SSD density ρS , and GND
density ρG such that,
ρT = ρS + ρG .

(18)

Other couplings between ρS and ρG are possible. Fleck and Hutchinson [19] proposed that
ρT can be expressed as the harmonic sum of ρS
and ρG such that,
q
ρT = ρ2S + ρ2G .
(19)
However, a more general coupling of ρS and ρG
can be proposed in the spirit of Eq. (1) as follows [56]:
£
¤1/µ
ρT = ρµS + ρµG
,
(20)
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where µ is a constant that can be interpreted
as a material parameter similar to the γ constant in Eq. (1). It is obvious from Eqs. (1)
and (20) that µ and γ are related to each other.
Furthermore, the above expression ensures that
ρT → ρS whenever ρG << ρS and that ρT → ρG
whenever ρS << ρG . Thus, Taylor’s hardening
law given by Eq. (17) can be rewritten as
√
¤1/2µ
£
.
(21)
σ = 3 αGb ρµS + ρµG
It is imperative to note that the nonlocal effects
associated with the presence of local deformation gradients at a given material point are incorporated into Eq. (21) through GND density
[37]. Thus, Eq. (21) constitutes the nonlocal
micromechanical plasticity constitutive model
similar to the nonlocal macromechanical plasticity expression in Eq. (1). Moreover, at the microscale, where dislocation densities are used
as the appropriate variables to describe plastic flow, the introduction of high-order gradient
terms in the conventional continuum mechanics has led to bridge the gap between the conventional continuum and the micromechanical
plasticity theories. Nix and Gao [40], Gao et al.
[17, 54], Arsenlis and Parks [16], and Huang et
al. [53] showed that the gradient in the plastic
strain field is accommodated by the geometrically necessary dislocations ρG so that the effective strain gradient η, which appears in Eq. (1),
can be defined as follows:
η=

ρG b
.
r̄

(22)

They showed that this expression allows η to
be interpreted as the curvature of deformation
in bending and twist per unit length in torsion
[53]. Whereas, the statistically stored dislocations ρS are dependent on the effective plastic strain p. r̄ is the Nye factor introduced
by Arsenlis and Parks [16] to reflect the scalar
measure of GND density resultant from macroscopic plastic strain gradients. For FCC polycrystals, Arsenlis and Parks [16] have reported
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that the Nye factor has a value of r̄ = 1.85 in
bending and a value of r̄ = 1.93 in torsion.
The Nye factor emphasizes the increased concentration of GNDs by affirming that the dislocation density accumulated in a grain at a
certain strain is higher once the grain size decreases, which is inherent to the increased inhomogeneous deformation (i.e., strain gradients) within the grain and the accompanying
decreasing mean-free path of the dislocations
[16]. The Nye factor, therefore, is an important parameter in the predictions of the gradient plasticity theories as compared to the experimental results [17].
The uniaxial flow stress-plastic strain hardening relation without the effects of strain gradients can be identified, in general, as follows
(e.g., [40, 44, 54]):
σ = k f (p) ,

(23)

where k is a measure of the yield stress in uniaxial tension and f is a function of the effective
plastic strain p. For the majority of the ductile materials, the function f can be written as
a power-law relation (e.g., [58]), such that
f (p) = p1/m ,

(24)

where m ≥ 1 is a material parameter that can be
determined from a simple uniaxial tension test.
However, since uniaxial tension tests exhibit homogenous deformation, Eq. (23) cannot be used to describe applications where the
nonuniform plastic deformation plays an important role (e.g. twisting, bending, deformation of composites, micro- or nanoindentation,
etc.). Equation (23) cannot then predict the
size dependence of material behavior after normalization, which involves no internal material
length scale. Therefore, Eq. (23) should be modified to be able to incorporate the size effects.
This can be effectively done by replacing the
conventional effective plastic strain measure p
_
by its corresponding nonlocal measure p defined by Eq. (1), such that Eqs. (23) and (24)
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can be rewritten as
σ = k [pγ + lγ η γ ]1/mγ .

(25)

This gradient law exactly matches the FleckHutchinson [19] phenomenological law in the
case of a single-material length scale, where γ is
taken to be 2, but can be generalized to any arbitrary number larger than 1 without destroying
the basic theoretical framework. However, in
their work η is expressed as an effective strain
gradient given by
q
η = 23 χij χij ,
(26)
where χij is the so-called curvature tensor [19],
which is related to the incompressible thirdorder tensor ηijk [Eq. (5)] by
χij = 12 eiqr ηjqr .

(27)

Moreover, the Fleck and Hutchinson theory
[19, 28] considers the strain gradients as internal degrees of freedom and requires thermodynamic work conjugate higher-order stresses,
which need additional boundary conditions to
be imposed. However, the proposed model in
Eq. (25) gives an alternative framework that
could model size-dependent plasticity without
higher-order stresses or additional boundary
conditions, so as to preserve the essential structure of classical plasticity. This approach has
the advantages that it is simpler overall and can
be easily implemented into existing finite element codes.
It is worth mentioning that Eqs. (21) and (25)
imply that plasticity is the macroscopic outcome from the combination of many dislocation
elementary properties at the micro- and mesoscopic scale. These two equations, therefore,
represent the link of microscale plasticity to the
microscopic plasticity. The effective use of this
link will be demonstrated in what follows.
Next we use Eq. (25), which expresses the
flow stress in the macroscale, along with Taylor’s hardening law [Eq. (21)], in the microscale
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to derive the material-intrinsic length scale for
isotropic hardening gradient plasticity in terms
of physical microstructural parameters. Bammann and Aifantis [59] defined the plastic shear
strain γ p as a function of the SSD density ρS as
follows:
γ p = bLS ρS ,
(28)
where LS is the mean spacing between SSDs,
which is usually in the order of submicron. Furthermore, Bammann and Aifantis [59] generalized the Orowan’s equation (with an orientation factor) of the plastic strain in the macroscopic plasticity theory in terms of the plastic
shear strain and an orientation tensor as follows:
εpij = γ p Mij ,
(29)
where Mij is the symmetric Schmidt’s orientation tensor. In expressing the plastic strain
tensor at the macrolevel to the plastic shear
strain at the microlevel, an average form of the
Schmidt’s tensor is assumed since plasticity at
the macroscale incorporates a number of differently oriented grains into each continuum point
[52, 60]. Moreover, average values are used for
the magnitude of the Burgers vector b and the
mean spacing between SSDs LS .
The flow stress σ is the conjugate of the
effective plastic strain variable p in macroplasticity. For proportional, monotonically increasing plasticity, p is defined as
q
p=

2 p p
3 εij εij .

(30)

Hence, utilizing Eqs. (28) and (29) in Eq. (30)
one can write p as a function of SSDs as follows:
p = bLS ρS M̄ ,

(31)

which is referred
to as Orowan’s equation,
p
where M̄ =
2Mij Mij /3 can be interpreted
as Schmidt’s orientation factor, usually taken
equal to 1/2. It is clear from Eq. (31) that the
Burgers vector and the dislocation spacing are
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two physical length scales that control plastic
deformation.
Substituting ρG and ρS from Eqs. (22) and
(31), respectively, into Eq. (21) yields the following expression for the flow stress:
s
¤1/2µ
3b £ µ
σ = αG
p + Ls M̄ r̄η µ
.
(32)
LS M̄
Comparing Eq. (32) with Eq. (25) yields the following relations:
s
3b
γ = µ , m = 2, k = αG
,
LS M̄
` = LS M̄ r̄.

(33)

The rational for obtaining γ = µ is based on
the following argument. The flow strength depends on the total dislocation density ρT , as
assumed by Eq. (17). One coupling form between ρS and ρG is presented by Eq. (18) as
ρT = ρS +ρG with µ = 1 [17, 19, 54], and that ρG
and ρS are linear in the strain gradient [Eq. (22)]
and the effective plastic strain [Eq. (31)], respectively. One concludes then that an appropriate
scalar measure of hardening is given by Eq. (25)
with γ = µ = 1. Moreover, another coupling
between ρS and ρG is presented by Eq. (19) as
ρ2T = ρ2S + ρ2G with µ = 2 [19], where ρS and
ρG are obtained from Eqs. (31) and (22), respectively. Hence one concludes that the hardening law [Eq. (25)] is appropriately expressed
with γ = µ = 2. Thus, in general, an appropriate scalar measure of hardening is given by
Eq. (25) with γ = µ. Furthermore, the condition
m = 2 is not unreasonable for some materials
[40], particularly for some annealed crystalline
solids. The phenomenological measure of the
yield stress in uniaxial tension k and the microstructure length-scale parameter ` are now
related to measurable physical parameters LS ,
b, r̄, M̄ , α, and G. Moreover, by substituting
LS M̄ from Eq. (33)3 into Eq. (33)4 one can obtain a similar relation for ` as proposed by Gao
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et al. [17] such that:
µ
` = 3α2 br̄

G
k

¶2
.

(34)

We note that the above equation implies that
the length-scale parameter may vary with the
strain-rate and temperature for a given
r material
.
_
for the case k = k(ṗ, T ), where ṗ = 2ε̇pij ε̇pij 3.
However, for most metals, the flow stress increases with the strain rate and decreases with
temperature increase. Thus causing the intrinsic material length scale to decrease with increasing strain rates and to increase with temperature decrease. However, opposite behavior
is concluded for the gradient term η.
2.2 Model-II
Another approach to form the coupling between SSDs and GNDs is to assume that the
overall flow stress τ has two components; one
arising from SSDs τS and a component due to
GNDs τG [61]. The following general function
for τ is then chosen as follows:
h
i1/β
τ = τSβ + τGβ
(35)
with τS and τG are given by Taylor’s hardening
law as follows:
√
τS = αS GbS ρS ,

(36)

√
τG = αG GbG ρG ,

(37)

where bS and bG are the magnitudes of the
Burgers vectors associated with SSDs and
GNDs, respectively, and αS and αG are statistical coefficients, which account for the deviation
from regular spatial arrangements of the SSD
and GND populations, respectively. For an impenetrable forest, it is reported that αS ≈ 0.85
[66] and αG ≈ 2.15 [37].
This general form ensures that τ → τS whenever τS >> τG and that τ → τG whenever τS <<
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τG . Two values of β are generally investigated
in the literature: (a) β = 1, which corresponds
to a superposition of the contributions of SSDs
and GNDs to the flow stress (e.g., [61]); and
(2) β = 2, which, since the flow stress scales
with the square root of dislocation density, corresponds to the superposition of the SSD and
GND densities (e.g., [37]). Moreover, Eq. (35)
constitutes the nonlocal micromechanical plasticity constitutive model due to the presence of
GNDs similar to the nonlocal macromechanical
plasticity constitutive model defined by Eq. (25)
due to the presence of strain gradients η.
Expressing Eq. (35) in terms of Eqs. (36) and
(37) yields a general expression for the overall
flow stress in terms of SSD and GND densities,
such that
"
#1/β
¶
µ
αG bG β β/2
β/2
τ = αS GbS ρS +
ρG
. (38)
αS bS
Alternatively, Eq. (38) can be redefined in terms
of an equivalent total dislocation density ρT as
follows:
"
¶β/2 #2/β
µ 2 2
αG bG
β/2
(39)
ρG
ρT = ρS +
αS2 b2S
so that

√
τ = αS GbS ρT .

(40)

It is important to emphasize once again that the
nonlocal effects associated with the presence of
local deformation gradients at a given material
point are incorporated into Eq. (40) through the
GNDs density.
Substituting ρG and ρS from
√ Eqs. (22) and
(31), respectively, into σ = 3τ , where τ is
given by Eq. (40), yields the following expression for the flow stress:
s
3bS
σ = αS G
×
LS M̄
"
µ 2
¶β/2 #1/β
α
b
L
M̄
r̄
s
G
G
pβ/2 +
η
.
(41)
αS2 bS
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Note that we set b = bG in Eq. (22) and b = bS in
Eq. (31) since the plastic strain gradient and the
plastic strain are related to the SSDs and GNDs,
respectively. Comparing Eq. (41) with Eq. (25)
yields the following relations:
s
3bS
,
γ = β/2, m = 2, k = αS G
LS M̄
` = (αG /αS )2 (bG /bS ) LS M̄ r̄.

(42)

Moreover, by substituting LS M̄ from Eq. (42)3
into Eq. (42)4 one can obtain a relation for ` as
function of the shear modulus G and the thermal stress k, such that
µ
`=

2
3αG
bG r̄

G
k

¶2
.

(43)

It is noteworthy to mention that by comparing
the results retained from model-I and modelII, Eqs. (42) and (44) with Eqs. (33) and (34),
one can notice that model-II gives qualitatively
more general and rational expressions for k and
`. k is essentially controlled by SSDs and `has
a more general form as obtained from modelII, Eq. (42)4 , as compared to ` obtained from
model-I, Eq. (33)4 . Moreover, Eq. (44) shows
that the material length scale is directly related
to the storage of geometrically necessary dislocations. However, both models are identical
when αS = αG = α, bS = bG = b, and β = 2µ.
Moreover, the condition m = 2 is not unreasonable for some materials as we mentioned earlier. However, the authors believe that the origin of this condition, as it is concluded from
the mathematical setup of model-I and modelII, comes out from the assumption that Taylor’s
flow stress is directly proportional to thep
square
root of the dislocation density (i.e., τ ∞ b2 ρT ,
1/m
which can be rewritten as ρT with m = 2.
For more generality, we can assume that τ ∝
(b2 ρT )1/m with m ≥ 1 . This is not the subject of
this work, but further study needs to be carried
out to show the importance of this found.
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3. IDENTIFICATION FROM
MICRO-HARDNESS EXPERIMENTS
The conventional hardness test is one of the
oldest and simplest methods of material quality evaluation. Tabor [67] and Atkins and Tabor [68] showed in their experiments that the
elasto-plastic material response in tensile testing could be correlated to the response in conical/pyramidal (e.g., Berkovich and Vickers) or
spherical (or Brinell) indentation. The fundamental parameters for indentation tests by conical/pyramidal indenter are: the force applied
to the indenter P , the residual contact radius of
indentation
a, the contact pressure (hardness)
±
H = P πa2 , the permanent penetration depth
h, the total penetration depth ht , and the indenter geometry (i.e., the angle between the surface
of the conical indenter and the plane of the surface θ). The unloading process in the indentation experiment is the most important for a
proper specification of these geometric parameters. Thus, the residual penetration depth h and
contact radius a should be used as measurable
data in the hardness H calculation.
It is well known by now that indentation
tests at scales on the order of one micron have
shown that measured hardness increases significantly with decreasing indent size. This
has been attributed to the evolution of geometrically necessary dislocations associated with
gradients. Next we present a simple procedure
to identify the intrinsic material-length parameter that scales the effect of GNDs using conical
or pyramidal indenter.
Consider the indentation by a rigid cone, as
shown schematically in Fig. 1. First, in this
analysis we assume that the density of geometrically necessary dislocations is integrated
by the geometry of the indenter and the indentation is accommodated by circular loops
of GNDs with Burgers’ vectors normal to the
plane of the surface. Since model-II gives more
general expressions than model-I, we assume,
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in what follows, that the densities of statistically stored dislocations and geometrically necessary dislocations are coupled as proposed in
model-II [Eq. (35)]. Based on the simple model
of GNDs developed first by Stelmashenko et al.
[10] and DeGuzman et al. [11] and recently recalled by Nix and Gao [40], an analytical expression for the density of GNDs (ρG ) under
the conical indenter can be obtained in terms of
the material properties and the conical indenter
geometry. The development of ρG is presented
in detail here for the convenience of the reader.
Following Begley and Hutchinson [42], the indentation profile in the unloaded configuration
can be described by
w (r) = r (tan θ) − h f or 0 ≤ r ≤ a

(44)

where h is the indentation depth and θ is the
angle between the surface of the conical indenter and the plane of the surface. This angle is
related to the indentation depth h and the radius of the contact area of the indentation a by
tan θ = h/a (see Fig. 1). Both h and a are measured in the unloaded configuration and characterized as the residual values after unloading. If we assume that the individual dislocation loops of GNDs as being spaced equally
along the surface of the indentation, then it is
easy to show that
P

Original free surface
position

Indenter

a

r

q
h
Specimen

w
Geometrically necessary
dislocations

FIGURE 1. Axisymmetric rigid conical indenter.
Geometrically necessary dislocations created during the indentation process
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¯ ¯
¯ dw ¯ bG
h
¯ ¯=
= tan θ = ,
¯ dr ¯
s
a

s=

bG a
,
h

(45)

where s is the mean spacing between individual slip steps on the indentation surface. If L
is the total length of the injected loops, then between r and r + dr we have
dL = 2πr

h
dr
= 2πr
dr.
s
bG a

(46)

Integrating from 0 to a gives the total length of
dislocation loops as
Za
L=

2πr
o

h
πah
dr =
.
bG a
bG

(47)

Moreover, it is assumed that the dislocation
evolution during indentation is primarily governed by a large hemispherical volume V that
scales with the contact radius a around the indentation profile. One can then assume that all
the injected loops remain within the hemispherical volume V such that:
2
V = πa3 .
3

(48)

Therefore, the density of geometrically necessary dislocations becomes
ρG =

3
L
=
tan2 θ.
V
2bG h

(49)

In the early hardness experiments, it was concluded that the relation between the hardness
H and the permanent penetration depth h follows a power law. Making use of this observation, Tabor [67] specified the mapping from the
hardness-indentation depth curve (H −h curve)
to the tensile stress-plastic strain curve (σ − p),
such that one can assume the following:

389

0.4 [67]; while corresponding numerical result
from Biwa and Storakers [69] is κ = 3.07. This
relation has been extensively verified and used
by many authors (e.g., [40, 49, 58, 69–75]).
Moreover, Based on the assumption of a selfsimilar deformation field [69, 76], it was shown
by using the conical/pyramidal indenter that
the displacement is proportional to the indentation depth h. Based on this observation, Xue
et al. [77] showed from numerical experiments
that the strain field should depend only on
the normalized indentation depth, h/a, and the
normalized position (x/a, y/a, z/a, where x, y,
and z are the Cartesian coordinates such that
one can assume that the effective plastic strain
p is defined by
µ ¶
h
p=c
= c tan θ
(51)
a
where c is a material constant on the order of
1.0 [77].
Considering the results derived from modelII, the√substitution of Eq. (38) into Eq. (50) with
σ = 3τ and Eqs. (51) and (42)4 into Eq. (31),
yield the following expressions for hardness H
and statistically stored dislocations (ρS ), respectively, as follows:
"
#1/β
µ
¶β
√
α
b
β/2
β/2
G G
H = 3 καS GbS ρS +
ρG
,
αS bS
(52)
2 b tan θ
cr̄αG
G
.
(53)
ρS =
`b2S αS2

(50)

Note that we set b = bS in Eq. (31) since the
plastic strain is related to the SSDs. Moreover,
we can define the macrohardness Ho as the
hardness that would arise from SSDs alone in
the absence of strain gradients, such that [40]
√
√
√
Ho = 3 κτS = 3καS GbS ρS .
(54)

where κ is the Tabor’s factor of κ = 2.8 and
c is a material constant with a value of c =

With these relations we can now write the microhardness from the conical indenter using

H = κσ,

Volume 2, Number 3, 2004

390
Electronic Data Center, http://edata-center.com Downloaded 2005-10-6 from IP 68.105.43.13 by Alexander Judin

Eqs. (50)–(54) as
µ

H
Ho

¶β

µ
=1+

h∗
h

¶β/2
,

(55)

where h∗ is a material specific parameter that
characterizes the depth dependence of the
hardness and depends on the indenter geometry as well as on the plastic flow, such that it is
derived as
h∗ = ζ`
(56)
with

3
tan θ.
(57)
2cr̄
Equation (56) shows that h∗ is a linear function
of the length-scale parameter `. Thus, h∗ is a
crucial parameter, which characterizes the indentation size effects, and its accurate experimental measure gives a reasonable value for
the length-scale parameter ` obtained by using
Eq. (56). Moreover, substituting Eq. (53) into
Eq. (54) along with Eq. (44), one can obtain a
simple relation to predict the macrohardness
Ho as
√
(58)
Ho = κk c tan θ,
ζ=

where k can be obtained by using Eq. (33)3 .
Equations (56) and (58) are similar to the phenomenological relations suggested by Yuan
and Chen [44] based on finite element computations and the experimental results of Begley and Hutchinson [42]. Moreover, Eq. (58)
can be used to determine the c parameter if
Ho is provided from the indentation test. Ho
corresponds to the saturation value where the
hardness H does not change as the indentation
depth h increases (or with further load increase)
in the H versus h indentation test curve.
We note that if β = 2 in Eq. (55), one retains the relation originally proposed by Nix
and Gao [40], where they found a linear dependence of the square of the microhardness
H 2 to the inverse of the indentation depth 1/h.
Nix and Gao [40] also suggested that h∗ and
Ho are dependent and related through h∗ =
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±
(81/2)bα2 tan2 θ(G Ho )2 . Their relation thus
gives a similar argument to that of Eq. (56),
which suggests that h∗ is dependent on the
shape of the indenter as well as on the material property. Furthermore, Yuan and Chen [44]
modified the Nix and Gao [40] relation by introducing another empirical term (ς ∗ /h)2 that is
subtracted from the right-hand side of Eq. (55)
with β = 2, where ς ∗ is another material parameter that depends on both material property and the indenter geometry. However, they
showed numerically that the effect of this additional parameter ς ∗ is generally much smaller
than h∗ , and it can be neglected in many cases.
The characteristic form for the depth dependence of the hardness presented by Eq. (55)
gives a straight line when the data are plotted as (H/Ho )β versus h−β/2 , the intercept of
which is 1 and the slope is h∗β/2 . Nix and
Gao [40] showed for β = 2 that the plot of
(H/Ho )2 versus 1/h compares well with the experimental data from micro-indentation tests
using a conical indenter. The length-scale parameter ` = h∗ /ζ can then be calculated using
Eq. (56), where ζ is determined in terms of the
shape of the conical indenter (i.e., tan θ) and
the material properties (i.e., r̄ and c ), which
are known. Therefore, by using Eq. (55) to fit
the hardness experimental data obtained from
indentation tests, one can simply compute the
intrinsic length-scale parameter that characterizes the size effects using Eq. (56).
All the experiments used here in identifying
the length-scale parameter ` were conducted at
room temperature and using a Berkovich triangular pyramidal indenter for which the nominal or projected contact area varies as [78]
Ac = 24.5h2 = πa2 .

(59)

Using this relation together with tan θ = h/a
yields
r
π
tan θ =
= 0.358.
(60)
24.5
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Note that it was reported by the experimentalists that no damage occurred in the material beneath the indenter such that the measured microhardness data provides a true measure of
the plastic properties of the specimen. Microhardness thus provides a convenient tool for
the identification of the plasticity intrinsic material length scale, where damage is avoided.
Following the method proposed by Nix and
Gao [40], the hardness results obtained from
microindentation tests can be displayed as a
plot of (H/Ho )β versus h−β/2 , as shown for
the (111) single-crystal copper and cold-worked
polycrystalline copper in Fig. 2, for (100) and
(110) single crystals of silver in Fig. 3, and
annealed and work-hardened alpha brass in
Fig. 4.
Table 1 shows the calculated values of ` for
the six sets of indentation data described by
Eq. (55) in Fig. 2–4. The ζ parameter is calculated by using Eq. (57), assuming that c = 1.0
[77] and the Nye factor r̄ = 2 [16]. The calculation of `, however, depends strongly on the material parameters c and r̄. The resulting values

for the material intrinsic length scale outlined
in Table 1 are in the range of some micrometers, which confirms well with the observations
of Nix and Gao [40], Begley and Hutchinson
[42], Stolken and Evans [9], and Yuan and Chen
[44]. Moreover, one can note that ` for the coldworked sample is smaller than the value for
the annealed sample, indicating that spacing
between statistically stored dislocations is reduced in the hardened-worked material. Similar result has been reported by Nix and Gao
[40], and Stolkend and Evans [9]. Apparently,
numerical experiments of the indentation problem using finite element method are required
to verify those findings. However, this is not
the subject of this study and will be shown in a
forthcoming paper [33, 34].
It can be seen from the results that as the
depth of indentation h becomes much larger
than the material-length scale parameter `, the
gradient effects become smaller and the corresponding hardness does not exhibit any indentation size effect. Moreover, if the material is
intrinsically hard (i.e., shallow indentation

12.0
Experimental Data (McElhaney et al. 1997)
111 Single Crystal Cu

10.0

Cold-Worked Polycrystal Cu

8.0
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FIGURE 2. Comparison of the experimental results and the prediction of Eq. (55) to determine the
intrinsic material length scale ` for copper
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4.0
Experimenta Data (Ma and Clarke 1995)
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FIGURE 3. Comparison of the experimental results and the prediction of Eq. (55) to determine the
intrinsic material length scale ` for silver

1.40
Experimental Data (Elmustafa and Stone 2002)
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FIGURE 4. Comparison of the experimental results and the prediction of Eq. (55) to determine the
intrinsic material length scale ` for alpha brass
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Table 1. Calculation of the length-scale parameter ` from the fitted microhardness data

2.00

Ho
(MPa)
581

h∗
(µm)
1.538

ζ
(Eq. (57))
0.268

Polycrystalline Cu (cold-worked)

2.00

834

0.444

0.268

(100) signle crystal Ag

2.12

340

0.813

0.268

(110) single crystal Ag

1.90

361

0.398

0.268

Alpha brass (annealed)
Alpha brass (cold-worked)

2.10
2.00

1060
1325

0.604
0.359

0.268
0.268

Material

β

(111) single crystal Cu (annealed)

` = h∗ /ζ
(µm)
5.74
(12.00)1
(20.00)2
1.66
(5.84)1
(6.00)2
3.03
(0.34-0.39)3
1.49
(0.19-0.22)3
2.25
1.34

1

Nix and Gao [40]
Yuan and Chen [44]
3 Begley and Hutchinson [42]
2

depths or nanoindentation), the microhardness
model given by Eq. (55) gives more accurate
results than Nix and Gao [40] model. This
improvement in the model predictions is attributed to β, which can be considered as a
material parameter that depends on the crystal
structure. The role of the material parameter
β in the gradient plasticity models and in predicting the micro- and nanohardness have been
studied thoroughly by Abu Al-Rub and Voyiadjis [45]. It is found that β constant, which assesses the coupling between statistically stored
dislocations and geometrically necessary dislocations in Taylor’s hardening law, plays a crucial role in correlating the hardness data from
nano- and microindentations, where the Nix
and Gao [40] model failed to do so. Apparently,
further evelopments of the gradient plasticity
theory are required.
Moreover, it is obvious that numerical experiments of the indentation problem are required to verify the above findings. Examples
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of two-dimensional verses three-dimensional
indentation simulations can be found in a recent work by Muliana et al. [79]. In addition,
numerical examples showing the effectiveness
of the proposed equations in capturing the sizedependent behavior as compared to the experimental results are required. Examples for such
problems are microbending of thin beams, microtorsion of thin wires, growth of microvoids,
shear bands, and rate-dependent micro- and
nanoindentation of thin films. However, this
is not the subject of this study and will be addressed in a forthcoming work by the authors.
4. ON THE EVOLUTION OF THE
MATERIAL-INTRINSIC LENGTH
SCALE
The aforementioned conclusion in Section 2,
which states that Eq. (34) or (44) implies that
both the strain-rate effect and temperature variation are crucial to the reliability of the es-
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timated length-scale parameter `, motivates
the following argument. To the authors’ best
knowledge, neither a numerical investigation
nor an experimental study has been carried out
for the influence of strain-rate effect and temperature variation on the strain-gradient plasticity, or more specifically, on the size effect exhibited by the presence of geometrically necessary dislocations. For example, the plastic
zone ahead of the crack tip will decrease with
increasing yield stress, which for small-scale
yielding is of the order of microns. Therefore,
the consideration of strain-rate effect and temperature variation on gradient plasticity, particularly in dynamic problems, becomes more
necessary. Existing theories of gradient plasticity, however, have failed to explain such behavior. Equations (34) or (44) shows that ` is not
constant for a given material, but is required
to change as the flow stress in the absence of
strain-gradient changes. This is crucial for the
classical viscoplasticity theory since it cannot
predict size effect, too. Therefore, the consideration of the evolution of the material intrinsiclength parameter with time ` in dynamic problems becomes more necessary. Moreover, there
are indications that a constant value of the material length scale is not always realistic, and
that different problems could require different
values (see for example the work of Aifantis
[80] and Tsagrakis and Aifantis [46]). Some
authors argued the necessity of a length-scale
parameter in the gradient theories that change
with time in order to achieve an efficient computational convergence while conducting multiscale simulations [51].
The rate and temperature dependence of `
for metal crystals can be explained by different physical mechanisms of dislocation motion.
Taking the time derivative of the general relation for `, Eq. (42)4 , yields
`˙ = AυS ,

(61)

where υS = L̇S is the average dislocation speed
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and A = (αG /αS )2 (bG /bS ) M̄ r̄. In obtaining
Eq. (61), it was assumed that the slip system
does not change with time such that the time
derivative of the Burgers vector magnitude b,
Schmidt’s orientation factor M̄ , and the Nye
factor r̄ is zero. One might think that this assumption is limiting in that plastic strains, even
in small deformation theory, will cause a material rotation and then strain-gradient evolution, as stated by Eq. (26), which is taken from
the work of Fleck and Hutchinson [19]. Therefore, such an assumption implies that there is
no change in the geometrically necessary dislocations; thus, the absence of strain-gradient
changes. However, this assumption is imperative since we need to study the effect of strain
rates and temperature variations on ` such that
` is not constant for a given material, but is required to change as the flow stress in the absence of strain gradient changes [see Eq. (25)].
Since plastic flow occurs by the motion of
dislocations, the rate at which it takes place
depends on how fast the dislocations move,
how many dislocations are moving in a given
volume, how much displacement is carried by
each dislocation, and how much rotation each
crystal undergoes. The theory of crystal dislocations shows that if a dislocation (in this
case a statistically stored dislocation) is moving through rows of barriers formed by obstacle dislocations (in this case geometrically necessary dislocations), then its velocity can be determined from the following expression:
υS =

LS
,
tw + tt

(62)

where the total transient time of a dislocation is
equal to the sum of the waiting time tw spent at
the obstacle and the travel time between obstacles tt . If the ratio tw /tt increases, then the strain
gradients become more important and the dislocation velocity υS , in Eq. (62), can be approximated by the expression
υS = νLS ,

(63)
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where ν = 1/tw is the frequency of successful
jumps or the rate at which the SSDs overcome
the GNDs. This is defined from statistical considerations as follows (e.g., [59, 81]):
¶
µ
U (σ ∗ )
ν = νo exp −
,
kT

5. CONCLUSIONS

(65)

Substitution of Eqs. (63)–(65) into Eq. (61) along
with Eq. (42)4 gives the following expression
for the evolution of the length-scale parameter
`˙ as
½
µ ∗ ¶a1 ¾a2 ¸
·
σ
Uo
1−
. (66)
`˙ = `νo exp −
kT
σo∗
This equation shows that ` is temperature dependent. Moreover, it is well known that the
flow thermal stress σ ∗ of most metallic materials increases with strain rate, which also makes
Eq. (66) strain-rate dependent. There are different empirical and physically based dynamic
constitutive models that have been proposed to
estimate the dynamic thermal flow stress σ ∗ for
metallic materials at high-strain rates, which incorporate strain, strain rate, temperature, damage history, plastic strain rate history, dislocation dynamics, grain size, and other intrinsic variables (e.g., [81-84]). These models can
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be combined with Eq. (66) to study the sizeeffect phenomena in dynamic problems. Furthermore, when plasticity occurs (i.e., σ ∗ = σo∗ ,
`˙ becomes `˙ = `νo , where ` is given as the estimate identified from microhardness results.

(64)

where νo is the fundamental vibrational frequency of the dislocation (considerably lower
than the vibrational frequency of the atom), k is
the Boltzmann’s constant, T is the absolute temperature, and U is the activation energy, which
may depend not only on the applied thermal
stress σ ∗ but also on the temperature and the internal structure. Expressions for the activation
energy for various types of obstacles are given
by Kocks et al. [56], where a generalized equation for these shapes with two parameters, a1
and a2 , has been proposed,
·
µ ∗ ¶a1 ¸a2
σ
U = Uo 1 −
.
σo∗
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This paper addresses the problem of determining the intrinsic length-scale parameter of the
gradient plasticity theory. The definition and
magnitude of the intrinsic length scale are keys
to the development of the new theory of plasticity that incorporates size effects. It also sets up
the main assumptions to determine the length
scales that will be essentially the basis for accurate qualitative and quantitative multiscale
modeling, simulation, and design of emerging
micro- and nanosystems. Two different micromechanical flow stress models to assess the
coupling between statistically stored dislocations (SSDs) and geometrically necessary dislocations (GNDs) are discussed. One in which the
SSDs and GNDs are simply summed (model-I)
and one in which, implicitly, their accompanying strengths are added (model-II). These two
dislocation interaction models, which are based
on Taylor’s hardening law, are used to identify the deformation-gradient-related intrinsic
length-scale parameter ` in terms of measurable microstructural physical parameters. This
is done through using the gradient theory to
bring the microstructural (described by Taylor’s hardening law) and continuum (described
by the strain-hardening power law) descriptions of plasticity closer together. As a result
` is defined in terms of the average distance between statistically stored dislocations LS (characterizes the characteristic length of plasticity
phenomenon), the Nye factor r̄ (characterizes
the microstructure dimension, e.g., grain size,
grain boundary width, obstacle spacing, and
radius), Schmidt’s orientation factor M̄ (characterizes the lattice rotation), the Burgers vector b
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(characterizes the displacement carried out by
each dislocation), and the empirical constant α
(characterizes the deviation from regular spatial arrangement of the SSD or GND populations).
While such an increasing interest in gradientenhanced theories can be understood in view
of the aforementioned remedies they provided,
actual experiments for the direct measurement
of the material-intrinsic length parameter introduced by the phenomenological gradient coefficients are lacking. When considering the microstructure with localization zones, gradientdependent behavior is expected to become important once the length scale associated with
the local deformation gradients becomes sufficiently large when compared with the characteristic dimension of the system. It follows that
such experiments could be difficult to design
and interpret. However, microhardness tests
provide a method to determine the materialintrinsic length-scale parameter ` in the gradient plasticity models.
This paper, therefore, provides an initial effort in this direction, where we discuss the issue of size effect and the calibration of gradient theory in terms of micro- and nanoindentation experiments to determine the value
of the material-intrinsic length parameter that
scales the gradient effects. We show, in particular, that gradient plasticity models can be
used for the interpretation of size effect experiments in micro- and nanoindentation. In fact,
the aforementioned gradient models are calibrated by fitting the corresponding length-scale
parameter to the experimental data. Microand nanoindentation tests can thus be used for
the experimental determination of the gradient
length-scale parameter. Moreover, an evolution
law has been derived for the intrinsic-material
length scale ` in gradient plasticity in terms
of the flow stress and temperature. This law
suggests that the material-intrinsic length scale
decreases with increasing strain rates, and in-
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creases with temperature. However, additional
experimental measurements and numerical investigations are needed to fully verify the derived micromechanical equations for the material intrinsic length parameter `.
The gradient law proposed in Eq. (25) is
based on dislocation-mechanics considerations,
which is a departure from all the current gradient theories that are based on the ideal assumption of all the obstacles being equally strong
and equally spaced along a straight or curved
contacting line (i.e., ρT = ρS + ρG ). The real situation in experiments suggests that the hardening law cannot be taken as a simple sum
of the densities
h
iof SSDs and GNDs such that
1/β

ρT = ρβS + ρβG
.This general form of the
gradient plasticity theory encompasses most of
the gradient plasticity theories found in the
open literature and forms a promising basis for
future multiscale computations. In addition,
this model gives an alternative framework that
could model size-dependent plasticity without
higher-order stresses or additional boundary
conditions, so as to preserve the essential structure of classical plasticity. This approach has
the advantages that it is simpler overall and can
be easily implemented into existing finite element codes.
Finally, no one up until now can claim that
he obtained the actual material-intrinsic length
scale because of the lack of experimental procedures to do so and the lack of solid physical
interpretations of the material-intrinsic length
scale. Therefore, there still an open question for
researchers: What is the physical interpretation
of the constitutive length parameter `?
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